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Abstract

Recurrent neural networks (RNNs) have been extraordinar-
ily successful for prediction with sequential data. To tackle
highly variable and multi-modal real-world data, we intro-
duce Particle Filter Recurrent Neural Networks (PF-RNNs),
a new RNN family that explicitly models uncertainty in its in-
ternal structure: while an RNN relies on a long, deterministic
latent state vector, a PF-RNN maintains a latent state distribu-
tion, approximated as a set of particles. For effective learning,
we provide a fully differentiable particle filter algorithm that
updates the PF-RNN latent state distribution according to the
Bayes rule. Experiments demonstrate that the proposed PF-
RNNs outperform the corresponding standard gated RNNs
on a synthetic robot localization dataset and 10 real-world se-
quence prediction datasets for text classification, stock price
prediction, etc.

Introduction
Prediction with sequential data is a long-standing challenge
in machine learning. It has many applications, e.g., object
tracking (Blake and Isard 1997), speech recognition (Xiong
et al. 2018), and decision making under uncertainty (So-
mani et al. 2013). For effective prediction, predictors require
“memory”, which summarizes and tracks information in the
input sequence. The memory state is generally not observ-
able, hence the need for a belief, i.e., a posterior state dis-
tribution that captures the sufficient statistic of the input for
making predictions. Modeling the belief manually is often
difficult. Consider the task of classifying news text—treated
as a sequence of words—into categories, such as politics,
education, economy, etc. It is difficult to handcraft the belief
representation and dynamics for accurate classification.

State-of-the-art sequence predictors often use recurrent
neural networks (RNNs), which learn a vector h of deter-
ministic time-dependent latent variables as an approxima-
tion to the belief. Real-world data, however, are highly vari-
able and often multi-modal. To cope with the complexity of
uncertain real-world data and achieve better belief approx-
imation, one could increase the length of latent vector h,
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thus increasing the number of network parameters and the
amount of data required for training.

We introduce Particle Filter Recurrent Neural Networks
(PF-RNNs), a new family of RNNs that seeks to improve
belief approximation without lengthening the latent vector
h, thus reducing the data required for learning. Particle fil-
tering (Del Moral 1996) is a model-based belief tracking al-
gorithm. It approximates the belief as a set of sampled states
that typically have well-understood meaning. PF-RNNs bor-
row from particle filtering the idea of approximating the
belief as a set of weighted particles, and combine it with
the powerful approximation capacity of RNNs. PF-RNN
approximates the variable and multi-modal belief as a set
of weighted latent vectors {h1, h2, . . .} sampled from the
same distribution. Like standard RNNs, PF-RNNs follow a
model-free approach: PF-RNNs’ latent vectors are learned
distributed representations, which are not necessarily inter-
pretable. As an alternative to the Gaussian based filters,
e.g., Kalman filters, particle filtering is a non-parametric
approximator that offers a more flexible belief representa-
tion (Del Moral 1996); it is also proven to give a tighter
evidence lower bound (ELBO) in the data generation do-
main (Burda, Grosse, and Salakhutdinov 2015). In our case,
the approximate representation is trained from data to opti-
mize the prediction performance. For effective training with
gradient methods, we employ a fully differentiable particle
filter algorithm that maintains the latent belief. See Fig. 1 for
a comparison of RNN and PF-RNN.

We apply the underlying idea of PF-RNN to gated RNNs,
which are easy to implement and have shown strong per-
formance in many sequence prediction tasks. Specifically,
we propose PF-LSTM and PF-GRU, the particle filter exten-
sions of Long Short Term Memory (LSTM) (Hochreiter and
Schmidhuber 1997) and Gated Recurrent Unit (GRU) (Cho
et al. 2014). PF-LSTM and PF-GRU serve as drop-in re-
placements for LSTM and GRU, respectively. They aim
to learn a better belief representation from the same data,
though at a greater computational cost.

We evaluated PF-LSTM and PF-GRU on 13 data sets:
3 synthetic dataset for systematic understanding and 10 real-
world datasets with different sample sizes for performance
comparison. The experiments show that our PF-RNNs out-
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Figure 1: A comparison of RNN and PF-RNN. An RNN approximates the belief as a long latent vector and updates it with a
deterministic nonlinear function. A PF-RNN approximates the belief as a set of weighted particles and updates them with the
stochastic particle filtering algorithm.

perform the corresponding standard RNNs with a compara-
ble number of parameters. Further, the PF-RNNs achieve the
best results on almost all datasets when there is no restriction
on the number of model parameters used.1

Related Work
There are two general categories for prediction with sequen-
tial data: model-based and model-free. The model-based ap-
proach includes, e.g., the well-known hidden Markov mod-
els (HMMs) and the dynamic Bayesian networks (DBNs)
(Murphy 2002). They rely on handcrafted state representa-
tions with well-defined semantics, e.g., phonemes in speech
recognition. Given a model, one may perform belief track-
ing according to the Bayes’ rule. The main difficulty here
is the state space and the computational complexity of be-
lief tracking grow exponentially with the number of state
dimensions. To cope with this difficulty, particle filters rep-
resent the belief as a set of sampled states and perform ap-
proximate inference. Alternatively, the model-free approach,
such as RNNs, approximates the belief as a latent state vec-
tor, learned directly from data, and updates it through a de-
terministic nonlinear function, also learned from data.

The proposed PF-RNNs build upon RNNs and com-
bine their powerful data-driven approximation capabilities
with the sample-based belief representation and approxi-
mate Bayesian inference used in particle filters. Related
sample-based methods have been applied to generative mod-
els. Importance sampling is used to improve variational
auto-encoders (Burda, Grosse, and Salakhutdinov 2015).
This is extended to sequence generation (Le et al. 2018) and
to reinforcement learning (Igl et al. 2018). Unlike the earlier
works that focus on generation, we combine RNNs and par-
ticle filtering for sequence prediction. PF-RNNs are trained
discriminatively, instead of generatively, with the target loss
function on the model output. As a result, PF-RNN training
prioritizes target prediction over data generation which may
be irrelevant to the prediction task.

PF-RNNs exploit the general idea of embedding algo-
rithmic priors (Karkus et al. 2019), in this case, filtering
algorithms, in neural networks and train them discrimina-
tively (Jonschkowski and Brock 2016; Karkus, Hsu, and
Lee 2018). Earlier work embeds a particle filter in an
RNN for learning belief tracking, but follows a model-
based approach and relies on handcrafted belief representa-

1The code is available at https://github.com/Yusufma03/pfrnns

tion (Jonschkowski, Rastogi, and Brock 2018; Karkus, Hsu,
and Lee 2018). PF-RNNs retain the model-free nature of
RNNs and exploit their powerful approximation capabili-
ties to learn belief representation directly from data. Other
work explicitly addresses belief representation learning with
RNNs (Gregor and Besse 2018; Guo et al. 2018); however,
they do not involve Bayesian belief update or particle filter-
ing.

Particle Filter Recurrent Neural Networks
Overview
The general sequence prediction problem is to predict an
output sequence, given an input sequence. In this paper, we
focus on predicting the output yt at time t, given the input
history x1, x2, . . . , xt.

Standard RNNs handle sequence prediction by maintain-
ing a deterministic latent state ht that captures the sufficient
statistic of the input history, and updating ht sequentially
given new inputs. Specifically, RNNs update ht with a deter-
ministic nonlinear function learned from data. The predicted
output ŷt is another nonlinear function of the latent state ht,
also learned from data.

To handle highly variable, noisy real-world data, one key
idea of PF-RNN is to capture the sufficient statistic of the
input history in the latent belief b(ht) by forming multi-
ple hypotheses over ht. Specifically, PF-RNNs approximate
b(ht) by a set of K weighted particles {(hit, wit)}Ki=1, for la-
tent state hit and weight wit; the particle filtering algorithm
is used to update the particles according to the Bayes rule.
The Bayesian treatment of the latent belief naturally cap-
tures the stochastic nature of real-world data. Further, all
particles share the same parameters in a PF-RNN. The num-
ber of particles thus does not affect the number of PF-RNN
network parameters. Given a fixed training data set, we ex-
pect that increasing the number of particles improves the be-
lief approximation and leads to better learning performance,
but at the cost of greater computational complexity.

Similar to RNNs, we used learned functions for updating
latent states and predict the output yt based on the averaged
particle: ŷt = fout(h̄t), where h̄t =

∑K
i=1 w

i
th
i
t and fout

is a task-dependent prediction function. For example, in a
robot localization task, fout maps h̄t to a robot position. In
a classification task, fout maps ŷt to a vector of class proba-
bilities.

For learning, we embed a particle filter algorithm in the
network architecture and train the network discriminatively



end-to-end. Discriminative training aims for the best pre-
diction performance within the architectural constraints im-
posed by the particle filter algorithm. We explore two loss
functions for learning: one minimizes the error of predic-
tion with the mean particle and the other maximizes the log-
likelihood of the target yt given the full particle distribu-
tion. Combining the two loss functions gives the best perfor-
mance empirically.

Particle Filter Extension to RNNs
Extending an RNN to the corresponding PF-RNN requires
the latent particle belief representation {(hit, wit)}Ki=1 and
the associated belief update function. The new belief is a
posterior distribution conditioned on the previous belief and
the new input. We model the PF-RNN’s latent dynamics as
a controlled system, with the uncontrolled system as a spe-
cial case. The standard belief update consists of two steps:
the transition update b̃t = ftr(bt−1, ut) for control ut and
the observation update bt = fobs(b̃t, ot) for observation ot.
However, ut and ot are not separated a priori in general se-
quence prediction problems. PF-RNNs use input xt in both
ftr and fobs, and learn to extract latent control ut(xt) and
observation ot(xt) from xt through task-oriented discrimi-
native training. This approach is more flexible and provides
a richer function approximation class.

ht�1 ht ht+1

xt

ut
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Figure 2: The graphical model for PF-RNN belief update.
The dashed circles indicate variables not explicitly defined
in our models.

Stochastic memory update. We apply a learned transi-
tion function ftr to each particle state hit:

hit = ftr(h
i
t−1, ut(xt), ξ

i
t), ξit ∼ p(ξit|hit−1, ut(xt)) (1)

where xt is the input and ξit is a learned noise term. We as-
sume p(ξit|hit−1, ut(xt)) to be a Gaussian distribution and
use the reparameterization trick (Kingma and Welling 2014)
to the function to simulate the transition in a differentiable
manner. From the RNN perspective, ξit captures the stochas-
ticity in the latent dynamics. From the particle filtering per-
spective, ξit increases particle diversity, relieving the issue of
particle depletion after resampling.

Particle weight update. We update the weight wit of the
particle hit recursively in a Bayesian manner, using the like-
lihood p(ot|hit). Instead of modeling p(ot|hit) as a generative
distribution, we approximate it directly as a learned function
fobs(ot(xt), h

i
t) with ot(xt) and hit as inputs, and have

wit = ηfobs(ot(xt), h
i
t)w

i
t−1, (2)

where η is a normalization factor. Our observation model
fobs, coupled with discriminative training, significantly im-
proves the performance of PF-RNNs in practice. The gener-
ative distribution p(ot|hit) is parameterized for generating ot
and may contain irrelevant features for the actual objective
of predicting yt. In contrast, fobs skips generative model-
ing and learns only features useful for predicting yt, as PF-
RNNs are trained discriminatively to optimize prediction ac-
curacy.

Soft resampling. In particle filter algorithms, resampling
is required to avoid particle degeneracy, i.e., most particles
having near-zero weights. Resampling constructs a new par-
ticle set {(h′jt , w′jt )}Kj=1 with constant weights w′jt = 1/K.
Each new particle h′jt takes the value of an ancestor par-
ticle, ha

j

t , where the ancestor index aj is sampled from
a multinomial distribution defined by the original particle
weights, aj ∼ p, where p is a multinomial distribution with
p(i) = wit.

However, resampling is not differentiable, which prevents
the use of backpropagation for training PF-RNNs. To make
our latent belief update differentiable, we use soft resam-
pling (Karkus, Hsu, and Lee 2018). Instead of resampling
particles according to p, we resample from q, a mixture of
p and a uniform distribution: q(i) = αwit + (1 − α)(1/K),
for α ∈ (0, 1]. The new weights are computed according the
importance sampling formula, which leads to an unbiased
estimate of the belief:

w′jt =
p(i = aj)

q(i = aj)
=

wa
j

t

αwa
j

t + (1− α)(1/K)
(3)

Soft resampling provides non-zero gradients when α > 0.
We use α = 0.5 in our experiments.

Model Learning
One natural objective is to minimize the total prediction loss
over all training sequences. For each training sequence, the
prediction loss is

Lpred(θ) =
∑
t∈O

`(yt, ŷt, θ) (4)

where θ represents the predictor parameters, O is the set
of time indices with outputs, and ` is a task-dependent loss
function measuring the difference between the target output
yt and the predicted output ŷt. Predictions in PF-RNN are
made using the mean particle, ŷt = fout(h̄t), where fout is a
learned function, and h̄t =

∑K
i=1 w

i
th
i
t is the weighted mean

of the PF-RNN particles. In our regression experiments, ŷt is
a real value and ` is the squared loss. In our classification ex-
periments, ŷt is a multinomial distribution over classes and
` is the cross-entropy loss.

The PF-RNN prediction ŷt is actually randomized, as its
value depends on random variables used for stochastic mem-
ory updates and soft-resampling; hence, a reasonable objec-
tive would be to minimize E[Lpred(θ)]. In our algorithm, we
optimize Lpred(θ) instead of E[Lpred(θ)]. We discuss the ef-
fect of this approximation in Appendix .
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i=1<latexit sha1_base64="fko5N1Yg766QronGmXJoCoP+w5E=">AAAB/HicbZDLSsNAFIZPvNZ6i3bpZmgRBKEkbnQjFN0IbirYCzRpmEwn7dDJhZmJEEJ8FV24UMStD+LOt3F6WWjrDwMf/zmHc+b3E86ksqxvY2V1bX1js7RV3t7Z3ds3Dw7bMk4FoS0S81h0fSwpZxFtKaY47SaC4tDntOOPryf1zgMVksXRvcoS6oZ4GLGAEay05ZkVJyderoo+cwovZ5d20b/1zJpVt6ZCy2DPodaoOqfPAND0zC9nEJM0pJEiHEvZs61EuTkWihFOi7KTSppgMsZD2tMY4ZBKN58eX6Bj7QxQEAv9IoWm7u+JHIdSZqGvO0OsRnKxNjH/q/VSFVy4OYuSVNGIzBYFKUcqRpMk0IAJShTPNGAimL4VkREWmCidV1mHYC9+eRnaZ3Vb851O4wpmKsERVOEEbDiHBtxAE1pAIIMneIU349F4Md6Nj1nrijGfqcAfGZ8/8lSWag==</latexit><latexit sha1_base64="SS3doGoIZo+g2XDium+vY2Hp+jk=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm6FFEISSuNGNUHQjuKlgL9CkYTKdtkMnF2ZOhBDiU7h340IRtz6Iu76N08tCW38Y+PjPOZwzvx8LrsCyJkZhbX1jc6u4XdrZ3ds/MA+PWipKJGVNGolIdnyimOAhawIHwTqxZCTwBWv745tpvf3IpOJR+ABpzNyADEM+4JSAtjyz7GTUyyDvcSf3Mn5l5707z6xaNWsmvAr2Aqr1inP2PKmnDc/8dvoRTQIWAhVEqa5txeBmRAKnguUlJ1EsJnRMhqyrMSQBU242Oz7HJ9rp40Ek9QsBz9zfExkJlEoDX3cGBEZquTY1/6t1ExhcuhkP4wRYSOeLBonAEOFpErjPJaMgUg2ESq5vxXREJKGg8yrpEOzlL69C67xma77XaVyjuYroGFXQKbLRBaqjW9RATURRil7QG3o3noxX48P4nLcWjMVMGf2R8fUD+76X8A==</latexit><latexit sha1_base64="SS3doGoIZo+g2XDium+vY2Hp+jk=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm6FFEISSuNGNUHQjuKlgL9CkYTKdtkMnF2ZOhBDiU7h340IRtz6Iu76N08tCW38Y+PjPOZwzvx8LrsCyJkZhbX1jc6u4XdrZ3ds/MA+PWipKJGVNGolIdnyimOAhawIHwTqxZCTwBWv745tpvf3IpOJR+ABpzNyADEM+4JSAtjyz7GTUyyDvcSf3Mn5l5707z6xaNWsmvAr2Aqr1inP2PKmnDc/8dvoRTQIWAhVEqa5txeBmRAKnguUlJ1EsJnRMhqyrMSQBU242Oz7HJ9rp40Ek9QsBz9zfExkJlEoDX3cGBEZquTY1/6t1ExhcuhkP4wRYSOeLBonAEOFpErjPJaMgUg2ESq5vxXREJKGg8yrpEOzlL69C67xma77XaVyjuYroGFXQKbLRBaqjW9RATURRil7QG3o3noxX48P4nLcWjMVMGf2R8fUD+76X8A==</latexit><latexit sha1_base64="mG/bLTeguqD1jFvKamKRxpyW+ts=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN8EiuCqJG90IRTeCmwr2Ak0aJtNJO3QyCTMTIYT4Km5cKOLWB3Hn2zhts9DWHwY+/nMO58wfJIxKZdvfRmVtfWNzq7pd29nd2z8wD4+6Mk4FJh0cs1j0AyQJo5x0FFWM9BNBUBQw0gumN7N675EISWP+oLKEeBEacxpSjJS2fLPu5tjPVTGkbuHn9Mophne+2bCb9lzWKjglNKBU2ze/3FGM04hwhRmScuDYifJyJBTFjBQ1N5UkQXiKxmSgkaOISC+fH19Yp9oZWWEs9OPKmru/J3IUSZlFge6MkJrI5drM/K82SFV46eWUJ6kiHC8WhSmzVGzNkrBGVBCsWKYBYUH1rRaeIIGw0nnVdAjO8pdXoXvedDTf243WdRlHFY7hBM7AgQtowS20oQMYMniGV3gznowX4934WLRWjHKmDn9kfP4A39WU4Q==</latexit>

Xt
<latexit sha1_base64="F9535ZSOPgC902BZbhAFXCaaj08=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdOH/tu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AEB+jcM=</latexit><latexit sha1_base64="F9535ZSOPgC902BZbhAFXCaaj08=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdOH/tu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AEB+jcM=</latexit><latexit sha1_base64="F9535ZSOPgC902BZbhAFXCaaj08=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdOH/tu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AEB+jcM=</latexit><latexit sha1_base64="F9535ZSOPgC902BZbhAFXCaaj08=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdOH/tu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AEB+jcM=</latexit>

⌦
<latexit sha1_base64="4aE/3WHUUcZjpVcV2STaX0geceE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPaPY0i4bZfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUXdkjCfnzsl504ZkFgbVwrJXP09kdPE2kkSuc6E4sguezPxP6+bYXwT5kKlGXLFFoviTBLUZPY7GQjDGcqJI5QZ4W4lbEQNZegSKrsQguWXV0nrshY4/nBVrd8WcZTgFM7gAgK4hjrcQwOawGAMz/AKb17qvXjv3seidc0rZk7gD7zPH4Xtj60=</latexit><latexit sha1_base64="4aE/3WHUUcZjpVcV2STaX0geceE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPaPY0i4bZfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUXdkjCfnzsl504ZkFgbVwrJXP09kdPE2kkSuc6E4sguezPxP6+bYXwT5kKlGXLFFoviTBLUZPY7GQjDGcqJI5QZ4W4lbEQNZegSKrsQguWXV0nrshY4/nBVrd8WcZTgFM7gAgK4hjrcQwOawGAMz/AKb17qvXjv3seidc0rZk7gD7zPH4Xtj60=</latexit><latexit sha1_base64="4aE/3WHUUcZjpVcV2STaX0geceE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPaPY0i4bZfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUXdkjCfnzsl504ZkFgbVwrJXP09kdPE2kkSuc6E4sguezPxP6+bYXwT5kKlGXLFFoviTBLUZPY7GQjDGcqJI5QZ4W4lbEQNZegSKrsQguWXV0nrshY4/nBVrd8WcZTgFM7gAgK4hjrcQwOawGAMz/AKb17qvXjv3seidc0rZk7gD7zPH4Xtj60=</latexit><latexit sha1_base64="4aE/3WHUUcZjpVcV2STaX0geceE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPaPY0i4bZfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUXdkjCfnzsl504ZkFgbVwrJXP09kdPE2kkSuc6E4sguezPxP6+bYXwT5kKlGXLFFoviTBLUZPY7GQjDGcqJI5QZ4W4lbEQNZegSKrsQguWXV0nrshY4/nBVrd8WcZTgFM7gAgK4hjrcQwOawGAMz/AKb17qvXjv3seidc0rZk7gD7zPH4Xtj60=</latexit>
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⌦
<latexit sha1_base64="4aE/3WHUUcZjpVcV2STaX0geceE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPaPY0i4bZfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUXdkjCfnzsl504ZkFgbVwrJXP09kdPE2kkSuc6E4sguezPxP6+bYXwT5kKlGXLFFoviTBLUZPY7GQjDGcqJI5QZ4W4lbEQNZegSKrsQguWXV0nrshY4/nBVrd8WcZTgFM7gAgK4hjrcQwOawGAMz/AKb17qvXjv3seidc0rZk7gD7zPH4Xtj60=</latexit><latexit sha1_base64="4aE/3WHUUcZjpVcV2STaX0geceE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPaPY0i4bZfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUXdkjCfnzsl504ZkFgbVwrJXP09kdPE2kkSuc6E4sguezPxP6+bYXwT5kKlGXLFFoviTBLUZPY7GQjDGcqJI5QZ4W4lbEQNZegSKrsQguWXV0nrshY4/nBVrd8WcZTgFM7gAgK4hjrcQwOawGAMz/AKb17qvXjv3seidc0rZk7gD7zPH4Xtj60=</latexit><latexit sha1_base64="4aE/3WHUUcZjpVcV2STaX0geceE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPaPY0i4bZfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUXdkjCfnzsl504ZkFgbVwrJXP09kdPE2kkSuc6E4sguezPxP6+bYXwT5kKlGXLFFoviTBLUZPY7GQjDGcqJI5QZ4W4lbEQNZegSKrsQguWXV0nrshY4/nBVrd8WcZTgFM7gAgK4hjrcQwOawGAMz/AKb17qvXjv3seidc0rZk7gD7zPH4Xtj60=</latexit><latexit sha1_base64="4aE/3WHUUcZjpVcV2STaX0geceE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPaPY0i4bZfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUXdkjCfnzsl504ZkFgbVwrJXP09kdPE2kkSuc6E4sguezPxP6+bYXwT5kKlGXLFFoviTBLUZPY7GQjDGcqJI5QZ4W4lbEQNZegSKrsQguWXV0nrshY4/nBVrd8WcZTgFM7gAgK4hjrcQwOawGAMz/AKb17qvXjv3seidc0rZk7gD7zPH4Xtj60=</latexit>

�
<latexit sha1_base64="Znf0ZAmjXg/lZ1Byapj159lJlUo=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02wbm02WZFYopf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0up3VW0/cWKHVA45THiZ0oEQsGEVnNbs6lZntlSt+1Z+LrEKQQwVy1Xvlr25fsyzhCpmk1nYCP8VwQg0KJvm01M0sTykb0QHvOFQ04TaczLedkjPn9EmsjXsKydz9PTGhibXjJHKdCcWhXa7NzP9qnQzj63AiVJohV2zxUZxJgprMTid9YThDOXZAmRFuV8KG1FCGLqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aACDR3iGV3jztPfivXsfi9aCl88cwx95nz/QAI9F</latexit><latexit sha1_base64="Znf0ZAmjXg/lZ1Byapj159lJlUo=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02wbm02WZFYopf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0up3VW0/cWKHVA45THiZ0oEQsGEVnNbs6lZntlSt+1Z+LrEKQQwVy1Xvlr25fsyzhCpmk1nYCP8VwQg0KJvm01M0sTykb0QHvOFQ04TaczLedkjPn9EmsjXsKydz9PTGhibXjJHKdCcWhXa7NzP9qnQzj63AiVJohV2zxUZxJgprMTid9YThDOXZAmRFuV8KG1FCGLqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aACDR3iGV3jztPfivXsfi9aCl88cwx95nz/QAI9F</latexit><latexit sha1_base64="Znf0ZAmjXg/lZ1Byapj159lJlUo=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02wbm02WZFYopf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0up3VW0/cWKHVA45THiZ0oEQsGEVnNbs6lZntlSt+1Z+LrEKQQwVy1Xvlr25fsyzhCpmk1nYCP8VwQg0KJvm01M0sTykb0QHvOFQ04TaczLedkjPn9EmsjXsKydz9PTGhibXjJHKdCcWhXa7NzP9qnQzj63AiVJohV2zxUZxJgprMTid9YThDOXZAmRFuV8KG1FCGLqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aACDR3iGV3jztPfivXsfi9aCl88cwx95nz/QAI9F</latexit><latexit sha1_base64="Znf0ZAmjXg/lZ1Byapj159lJlUo=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02wbm02WZFYopf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0up3VW0/cWKHVA45THiZ0oEQsGEVnNbs6lZntlSt+1Z+LrEKQQwVy1Xvlr25fsyzhCpmk1nYCP8VwQg0KJvm01M0sTykb0QHvOFQ04TaczLedkjPn9EmsjXsKydz9PTGhibXjJHKdCcWhXa7NzP9qnQzj63AiVJohV2zxUZxJgprMTid9YThDOXZAmRFuV8KG1FCGLqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aACDR3iGV3jztPfivXsfi9aCl88cwx95nz/QAI9F</latexit>

⌦
<latexit sha1_base64="4aE/3WHUUcZjpVcV2STaX0geceE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPaPY0i4bZfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUXdkjCfnzsl504ZkFgbVwrJXP09kdPE2kkSuc6E4sguezPxP6+bYXwT5kKlGXLFFoviTBLUZPY7GQjDGcqJI5QZ4W4lbEQNZegSKrsQguWXV0nrshY4/nBVrd8WcZTgFM7gAgK4hjrcQwOawGAMz/AKb17qvXjv3seidc0rZk7gD7zPH4Xtj60=</latexit><latexit sha1_base64="4aE/3WHUUcZjpVcV2STaX0geceE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPaPY0i4bZfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUXdkjCfnzsl504ZkFgbVwrJXP09kdPE2kkSuc6E4sguezPxP6+bYXwT5kKlGXLFFoviTBLUZPY7GQjDGcqJI5QZ4W4lbEQNZegSKrsQguWXV0nrshY4/nBVrd8WcZTgFM7gAgK4hjrcQwOawGAMz/AKb17qvXjv3seidc0rZk7gD7zPH4Xtj60=</latexit><latexit sha1_base64="4aE/3WHUUcZjpVcV2STaX0geceE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPaPY0i4bZfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUXdkjCfnzsl504ZkFgbVwrJXP09kdPE2kkSuc6E4sguezPxP6+bYXwT5kKlGXLFFoviTBLUZPY7GQjDGcqJI5QZ4W4lbEQNZegSKrsQguWXV0nrshY4/nBVrd8WcZTgFM7gAgK4hjrcQwOawGAMz/AKb17qvXjv3seidc0rZk7gD7zPH4Xtj60=</latexit><latexit sha1_base64="4aE/3WHUUcZjpVcV2STaX0geceE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPaPY0i4bZfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUXdkjCfnzsl504ZkFgbVwrJXP09kdPE2kkSuc6E4sguezPxP6+bYXwT5kKlGXLFFoviTBLUZPY7GQjDGcqJI5QZ4W4lbEQNZegSKrsQguWXV0nrshY4/nBVrd8WcZTgFM7gAgK4hjrcQwOawGAMz/AKb17qvXjv3seidc0rZk7gD7zPH4Xtj60=</latexit>

⌦
<latexit sha1_base64="4aE/3WHUUcZjpVcV2STaX0geceE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPaPY0i4bZfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUXdkjCfnzsl504ZkFgbVwrJXP09kdPE2kkSuc6E4sguezPxP6+bYXwT5kKlGXLFFoviTBLUZPY7GQjDGcqJI5QZ4W4lbEQNZegSKrsQguWXV0nrshY4/nBVrd8WcZTgFM7gAgK4hjrcQwOawGAMz/AKb17qvXjv3seidc0rZk7gD7zPH4Xtj60=</latexit><latexit sha1_base64="4aE/3WHUUcZjpVcV2STaX0geceE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPaPY0i4bZfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUXdkjCfnzsl504ZkFgbVwrJXP09kdPE2kkSuc6E4sguezPxP6+bYXwT5kKlGXLFFoviTBLUZPY7GQjDGcqJI5QZ4W4lbEQNZegSKrsQguWXV0nrshY4/nBVrd8WcZTgFM7gAgK4hjrcQwOawGAMz/AKb17qvXjv3seidc0rZk7gD7zPH4Xtj60=</latexit><latexit sha1_base64="4aE/3WHUUcZjpVcV2STaX0geceE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPaPY0i4bZfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUXdkjCfnzsl504ZkFgbVwrJXP09kdPE2kkSuc6E4sguezPxP6+bYXwT5kKlGXLFFoviTBLUZPY7GQjDGcqJI5QZ4W4lbEQNZegSKrsQguWXV0nrshY4/nBVrd8WcZTgFM7gAgK4hjrcQwOawGAMz/AKb17qvXjv3seidc0rZk7gD7zPH4Xtj60=</latexit><latexit sha1_base64="4aE/3WHUUcZjpVcV2STaX0geceE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPaPY0i4bZfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUXdkjCfnzsl504ZkFgbVwrJXP09kdPE2kkSuc6E4sguezPxP6+bYXwT5kKlGXLFFoviTBLUZPY7GQjDGcqJI5QZ4W4lbEQNZegSKrsQguWXV0nrshY4/nBVrd8WcZTgFM7gAgK4hjrcQwOawGAMz/AKb17qvXjv3seidc0rZk7gD7zPH4Xtj60=</latexit>

{c0
i
t}K

i=1
<latexit sha1_base64="TMNjer2PPF5NqULmJe4N8Xi1lw0=">AAAB/XicbZDLSsNAFIYnXmu9xcvOzWARXZVEBN0IRTeCmwr2Ak0aJtNJO3RyYeZEqCH4Km5cKOLW93Dn2zhts9DWHwY+/nMO58zvJ4IrsKxvY2FxaXlltbRWXt/Y3No2d3abKk4lZQ0ai1i2faKY4BFrAAfB2olkJPQFa/nD63G99cCk4nF0D6OEuSHpRzzglIC2PHPfyTJ6nHvQ5U7uZfzSzru3nlmxqtZEeB7sAiqoUN0zv5xeTNOQRUAFUapjWwm4GZHAqWB52UkVSwgdkj7raIxIyJSbTa7P8ZF2ejiIpX4R4In7eyIjoVKj0NedIYGBmq2Nzf9qnRSCCzfjUZICi+h0UZAKDDEeR4F7XDIKYqSBUMn1rZgOiCQUdGBlHYI9++V5aJ5Wbc13Z5XaVRFHCR2gQ3SCbHSOaugG1VEDUfSIntErejOejBfj3fiYti4Yxcwe+iPj8wdFwJUW</latexit><latexit sha1_base64="TMNjer2PPF5NqULmJe4N8Xi1lw0=">AAAB/XicbZDLSsNAFIYnXmu9xcvOzWARXZVEBN0IRTeCmwr2Ak0aJtNJO3RyYeZEqCH4Km5cKOLW93Dn2zhts9DWHwY+/nMO58zvJ4IrsKxvY2FxaXlltbRWXt/Y3No2d3abKk4lZQ0ai1i2faKY4BFrAAfB2olkJPQFa/nD63G99cCk4nF0D6OEuSHpRzzglIC2PHPfyTJ6nHvQ5U7uZfzSzru3nlmxqtZEeB7sAiqoUN0zv5xeTNOQRUAFUapjWwm4GZHAqWB52UkVSwgdkj7raIxIyJSbTa7P8ZF2ejiIpX4R4In7eyIjoVKj0NedIYGBmq2Nzf9qnRSCCzfjUZICi+h0UZAKDDEeR4F7XDIKYqSBUMn1rZgOiCQUdGBlHYI9++V5aJ5Wbc13Z5XaVRFHCR2gQ3SCbHSOaugG1VEDUfSIntErejOejBfj3fiYti4Yxcwe+iPj8wdFwJUW</latexit><latexit sha1_base64="TMNjer2PPF5NqULmJe4N8Xi1lw0=">AAAB/XicbZDLSsNAFIYnXmu9xcvOzWARXZVEBN0IRTeCmwr2Ak0aJtNJO3RyYeZEqCH4Km5cKOLW93Dn2zhts9DWHwY+/nMO58zvJ4IrsKxvY2FxaXlltbRWXt/Y3No2d3abKk4lZQ0ai1i2faKY4BFrAAfB2olkJPQFa/nD63G99cCk4nF0D6OEuSHpRzzglIC2PHPfyTJ6nHvQ5U7uZfzSzru3nlmxqtZEeB7sAiqoUN0zv5xeTNOQRUAFUapjWwm4GZHAqWB52UkVSwgdkj7raIxIyJSbTa7P8ZF2ejiIpX4R4In7eyIjoVKj0NedIYGBmq2Nzf9qnRSCCzfjUZICi+h0UZAKDDEeR4F7XDIKYqSBUMn1rZgOiCQUdGBlHYI9++V5aJ5Wbc13Z5XaVRFHCR2gQ3SCbHSOaugG1VEDUfSIntErejOejBfj3fiYti4Yxcwe+iPj8wdFwJUW</latexit><latexit sha1_base64="TMNjer2PPF5NqULmJe4N8Xi1lw0=">AAAB/XicbZDLSsNAFIYnXmu9xcvOzWARXZVEBN0IRTeCmwr2Ak0aJtNJO3RyYeZEqCH4Km5cKOLW93Dn2zhts9DWHwY+/nMO58zvJ4IrsKxvY2FxaXlltbRWXt/Y3No2d3abKk4lZQ0ai1i2faKY4BFrAAfB2olkJPQFa/nD63G99cCk4nF0D6OEuSHpRzzglIC2PHPfyTJ6nHvQ5U7uZfzSzru3nlmxqtZEeB7sAiqoUN0zv5xeTNOQRUAFUapjWwm4GZHAqWB52UkVSwgdkj7raIxIyJSbTa7P8ZF2ejiIpX4R4In7eyIjoVKj0NedIYGBmq2Nzf9qnRSCCzfjUZICi+h0UZAKDDEeR4F7XDIKYqSBUMn1rZgOiCQUdGBlHYI9++V5aJ5Wbc13Z5XaVRFHCR2gQ3SCbHSOaugG1VEDUfSIntErejOejBfj3fiYti4Yxcwe+iPj8wdFwJUW</latexit>

{w0i
t}K

i=1
<latexit sha1_base64="amx8Ly/rAn24uCjoQaHHD5qsTY4=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3ASL6KokIuhGKLoR3FSwF2jSMJlO2qGTSZiZKDUEX8WNC0Xc+h7ufBunl4W2/jDw8Z9zOGf+IGFUKtv+NgoLi0vLK8XV0tr6xuaWub3TkHEqMKnjmMWiFSBJGOWkrqhipJUIgqKAkWYwuBrVm/dESBrzOzVMiBehHqchxUhpyzf33Cx7OMp91aFu7mf0wsk7N75Ztiv2WNY8OFMow1Q13/xyuzFOI8IVZkjKtmMnysuQUBQzkpfcVJIE4QHqkbZGjiIivWx8fW4daqdrhbHQjytr7P6eyFAk5TAKdGeEVF/O1kbmf7V2qsJzL6M8SRXheLIoTJmlYmsUhdWlgmDFhhoQFlTfauE+EggrHVhJh+DMfnkeGicVR/Ptabl6OY2jCPtwAMfgwBlU4RpqUAcMj/AMr/BmPBkvxrvxMWktGNOZXfgj4/MHZVCVKg==</latexit><latexit sha1_base64="amx8Ly/rAn24uCjoQaHHD5qsTY4=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3ASL6KokIuhGKLoR3FSwF2jSMJlO2qGTSZiZKDUEX8WNC0Xc+h7ufBunl4W2/jDw8Z9zOGf+IGFUKtv+NgoLi0vLK8XV0tr6xuaWub3TkHEqMKnjmMWiFSBJGOWkrqhipJUIgqKAkWYwuBrVm/dESBrzOzVMiBehHqchxUhpyzf33Cx7OMp91aFu7mf0wsk7N75Ztiv2WNY8OFMow1Q13/xyuzFOI8IVZkjKtmMnysuQUBQzkpfcVJIE4QHqkbZGjiIivWx8fW4daqdrhbHQjytr7P6eyFAk5TAKdGeEVF/O1kbmf7V2qsJzL6M8SRXheLIoTJmlYmsUhdWlgmDFhhoQFlTfauE+EggrHVhJh+DMfnkeGicVR/Ptabl6OY2jCPtwAMfgwBlU4RpqUAcMj/AMr/BmPBkvxrvxMWktGNOZXfgj4/MHZVCVKg==</latexit><latexit sha1_base64="amx8Ly/rAn24uCjoQaHHD5qsTY4=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3ASL6KokIuhGKLoR3FSwF2jSMJlO2qGTSZiZKDUEX8WNC0Xc+h7ufBunl4W2/jDw8Z9zOGf+IGFUKtv+NgoLi0vLK8XV0tr6xuaWub3TkHEqMKnjmMWiFSBJGOWkrqhipJUIgqKAkWYwuBrVm/dESBrzOzVMiBehHqchxUhpyzf33Cx7OMp91aFu7mf0wsk7N75Ztiv2WNY8OFMow1Q13/xyuzFOI8IVZkjKtmMnysuQUBQzkpfcVJIE4QHqkbZGjiIivWx8fW4daqdrhbHQjytr7P6eyFAk5TAKdGeEVF/O1kbmf7V2qsJzL6M8SRXheLIoTJmlYmsUhdWlgmDFhhoQFlTfauE+EggrHVhJh+DMfnkeGicVR/Ptabl6OY2jCPtwAMfgwBlU4RpqUAcMj/AMr/BmPBkvxrvxMWktGNOZXfgj4/MHZVCVKg==</latexit><latexit sha1_base64="amx8Ly/rAn24uCjoQaHHD5qsTY4=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3ASL6KokIuhGKLoR3FSwF2jSMJlO2qGTSZiZKDUEX8WNC0Xc+h7ufBunl4W2/jDw8Z9zOGf+IGFUKtv+NgoLi0vLK8XV0tr6xuaWub3TkHEqMKnjmMWiFSBJGOWkrqhipJUIgqKAkWYwuBrVm/dESBrzOzVMiBehHqchxUhpyzf33Cx7OMp91aFu7mf0wsk7N75Ztiv2WNY8OFMow1Q13/xyuzFOI8IVZkjKtmMnysuQUBQzkpfcVJIE4QHqkbZGjiIivWx8fW4daqdrhbHQjytr7P6eyFAk5TAKdGeEVF/O1kbmf7V2qsJzL6M8SRXheLIoTJmlYmsUhdWlgmDFhhoQFlTfauE+EggrHVhJh+DMfnkeGicVR/Ptabl6OY2jCPtwAMfgwBlU4RpqUAcMj/AMr/BmPBkvxrvxMWktGNOZXfgj4/MHZVCVKg==</latexit>

{}0it}K
i=1

<latexit sha1_base64="bNtANNL601Rv7NTLcBI+Hoo0Wi4=">AAACA3icbZDLSsNAFIYnXmu9Rd3pJlhEVyURQTdC0Y3gpoK9QJOGyXTSDp1MwsyJUELAja/ixoUibn0Jd76N0zYLbf1h4OM/58zM+YOEMwW2/W0sLC4tr6yW1srrG5tb2+bOblPFqSS0QWIey3aAFeVM0AYw4LSdSIqjgNNWMLwe11sPVCoWi3sYJdSLcF+wkBEM2vLNfTfL3IHiWA2Ocx+6zM39jF06effWNyt21Z7ImgengAoqVPfNL7cXkzSiAoi+UHUcOwEvwxIY4TQvu6miCSZD3KcdjQJHVHnZZIfcOtJOzwpjqY8Aa+L+nshwpNQoCnRnhGGgZmtj879aJ4XwwsuYSFKggkwfClNuQWyNA7F6TFICfKQBE8n0Xy0ywBIT0LGVdQjO7Mrz0DytOprvziq1qyKOEjpAh+gEOegc1dANqqMGIugRPaNX9GY8GS/Gu/ExbV0wipk99EfG5w8hMJfO</latexit><latexit sha1_base64="bNtANNL601Rv7NTLcBI+Hoo0Wi4=">AAACA3icbZDLSsNAFIYnXmu9Rd3pJlhEVyURQTdC0Y3gpoK9QJOGyXTSDp1MwsyJUELAja/ixoUibn0Jd76N0zYLbf1h4OM/58zM+YOEMwW2/W0sLC4tr6yW1srrG5tb2+bOblPFqSS0QWIey3aAFeVM0AYw4LSdSIqjgNNWMLwe11sPVCoWi3sYJdSLcF+wkBEM2vLNfTfL3IHiWA2Ocx+6zM39jF06effWNyt21Z7ImgengAoqVPfNL7cXkzSiAoi+UHUcOwEvwxIY4TQvu6miCSZD3KcdjQJHVHnZZIfcOtJOzwpjqY8Aa+L+nshwpNQoCnRnhGGgZmtj879aJ4XwwsuYSFKggkwfClNuQWyNA7F6TFICfKQBE8n0Xy0ywBIT0LGVdQjO7Mrz0DytOprvziq1qyKOEjpAh+gEOegc1dANqqMGIugRPaNX9GY8GS/Gu/ExbV0wipk99EfG5w8hMJfO</latexit><latexit sha1_base64="bNtANNL601Rv7NTLcBI+Hoo0Wi4=">AAACA3icbZDLSsNAFIYnXmu9Rd3pJlhEVyURQTdC0Y3gpoK9QJOGyXTSDp1MwsyJUELAja/ixoUibn0Jd76N0zYLbf1h4OM/58zM+YOEMwW2/W0sLC4tr6yW1srrG5tb2+bOblPFqSS0QWIey3aAFeVM0AYw4LSdSIqjgNNWMLwe11sPVCoWi3sYJdSLcF+wkBEM2vLNfTfL3IHiWA2Ocx+6zM39jF06effWNyt21Z7ImgengAoqVPfNL7cXkzSiAoi+UHUcOwEvwxIY4TQvu6miCSZD3KcdjQJHVHnZZIfcOtJOzwpjqY8Aa+L+nshwpNQoCnRnhGGgZmtj879aJ4XwwsuYSFKggkwfClNuQWyNA7F6TFICfKQBE8n0Xy0ywBIT0LGVdQjO7Mrz0DytOprvziq1qyKOEjpAh+gEOegc1dANqqMGIugRPaNX9GY8GS/Gu/ExbV0wipk99EfG5w8hMJfO</latexit><latexit sha1_base64="bNtANNL601Rv7NTLcBI+Hoo0Wi4=">AAACA3icbZDLSsNAFIYnXmu9Rd3pJlhEVyURQTdC0Y3gpoK9QJOGyXTSDp1MwsyJUELAja/ixoUibn0Jd76N0zYLbf1h4OM/58zM+YOEMwW2/W0sLC4tr6yW1srrG5tb2+bOblPFqSS0QWIey3aAFeVM0AYw4LSdSIqjgNNWMLwe11sPVCoWi3sYJdSLcF+wkBEM2vLNfTfL3IHiWA2Ocx+6zM39jF06effWNyt21Z7ImgengAoqVPfNL7cXkzSiAoi+UHUcOwEvwxIY4TQvu6miCSZD3KcdjQJHVHnZZIfcOtJOzwpjqY8Aa+L+nshwpNQoCnRnhGGgZmtj879aJ4XwwsuYSFKggkwfClNuQWyNA7F6TFICfKQBE8n0Xy0ywBIT0LGVdQjO7Mrz0DytOprvziq1qyKOEjpAh+gEOegc1dANqqMGIugRPaNX9GY8GS/Gu/ExbV0wipk99EfG5w8hMJfO</latexit>
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i=1<latexit sha1_base64="+bC/5cPOh6SlA0HUw8b2EzhpzhQ=">AAACBnicbZDLSsNAFIYn9VbrLepShGAR3FgSEXQjFN0IbirYCzQxTKaTZuhkEmZOhBKycuOruHGhiFufwZ1v4/Sy0NYfBj7+c87MnD9IOVNg299GaWFxaXmlvFpZW9/Y3DK3d1oqySShTZLwRHYCrChngjaBAaedVFIcB5y2g8HVqN5+oFKxRNzBMKVejPuChYxg0JZv7rt57kaKYxUVfg7HTnHPXE3sQtONb1btmj2WNQ/OFKpoqoZvfrm9hGQxFUD0narr2Cl4OZbACKdFxc0UTTEZ4D7tahQ4psrLx2sU1qF2elaYSH0EWGP390SOY6WGcaA7YwyRmq2NzP9q3QzCcy9nIs2ACjJ5KMy4BYk1ysTqMUkJ8KEGTCTTf7VIhCUmoJOr6BCc2ZXnoXVSczTfnlbrl9M4ymgPHaAj5KAzVEfXqIGaiKBH9Ixe0ZvxZLwY78bHpLVkTGd20R8Znz99xJkb</latexit><latexit sha1_base64="+bC/5cPOh6SlA0HUw8b2EzhpzhQ=">AAACBnicbZDLSsNAFIYn9VbrLepShGAR3FgSEXQjFN0IbirYCzQxTKaTZuhkEmZOhBKycuOruHGhiFufwZ1v4/Sy0NYfBj7+c87MnD9IOVNg299GaWFxaXmlvFpZW9/Y3DK3d1oqySShTZLwRHYCrChngjaBAaedVFIcB5y2g8HVqN5+oFKxRNzBMKVejPuChYxg0JZv7rt57kaKYxUVfg7HTnHPXE3sQtONb1btmj2WNQ/OFKpoqoZvfrm9hGQxFUD0narr2Cl4OZbACKdFxc0UTTEZ4D7tahQ4psrLx2sU1qF2elaYSH0EWGP390SOY6WGcaA7YwyRmq2NzP9q3QzCcy9nIs2ACjJ5KMy4BYk1ysTqMUkJ8KEGTCTTf7VIhCUmoJOr6BCc2ZXnoXVSczTfnlbrl9M4ymgPHaAj5KAzVEfXqIGaiKBH9Ixe0ZvxZLwY78bHpLVkTGd20R8Znz99xJkb</latexit><latexit sha1_base64="+bC/5cPOh6SlA0HUw8b2EzhpzhQ=">AAACBnicbZDLSsNAFIYn9VbrLepShGAR3FgSEXQjFN0IbirYCzQxTKaTZuhkEmZOhBKycuOruHGhiFufwZ1v4/Sy0NYfBj7+c87MnD9IOVNg299GaWFxaXmlvFpZW9/Y3DK3d1oqySShTZLwRHYCrChngjaBAaedVFIcB5y2g8HVqN5+oFKxRNzBMKVejPuChYxg0JZv7rt57kaKYxUVfg7HTnHPXE3sQtONb1btmj2WNQ/OFKpoqoZvfrm9hGQxFUD0narr2Cl4OZbACKdFxc0UTTEZ4D7tahQ4psrLx2sU1qF2elaYSH0EWGP390SOY6WGcaA7YwyRmq2NzP9q3QzCcy9nIs2ACjJ5KMy4BYk1ysTqMUkJ8KEGTCTTf7VIhCUmoJOr6BCc2ZXnoXVSczTfnlbrl9M4ymgPHaAj5KAzVEfXqIGaiKBH9Ixe0ZvxZLwY78bHpLVkTGd20R8Znz99xJkb</latexit><latexit sha1_base64="+bC/5cPOh6SlA0HUw8b2EzhpzhQ=">AAACBnicbZDLSsNAFIYn9VbrLepShGAR3FgSEXQjFN0IbirYCzQxTKaTZuhkEmZOhBKycuOruHGhiFufwZ1v4/Sy0NYfBj7+c87MnD9IOVNg299GaWFxaXmlvFpZW9/Y3DK3d1oqySShTZLwRHYCrChngjaBAaedVFIcB5y2g8HVqN5+oFKxRNzBMKVejPuChYxg0JZv7rt57kaKYxUVfg7HTnHPXE3sQtONb1btmj2WNQ/OFKpoqoZvfrm9hGQxFUD0narr2Cl4OZbACKdFxc0UTTEZ4D7tahQ4psrLx2sU1qF2elaYSH0EWGP390SOY6WGcaA7YwyRmq2NzP9q3QzCcy9nIs2ACjJ5KMy4BYk1ysTqMUkJ8KEGTCTTf7VIhCUmoJOr6BCc2ZXnoXVSczTfnlbrl9M4ymgPHaAj5KAzVEfXqIGaiKBH9Ixe0ZvxZLwY78bHpLVkTGd20R8Znz99xJkb</latexit>
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i=1<latexit sha1_base64="pT4T/u6liwc8rEBjx9ax9w+qK3w=">AAACBHicbVDLSsNAFJ3UV62vqMtugkVwVRIRdCMU3QhuKtgHNGmYTCft0MkkzNwIJWThxl9x40IRt36EO//GaZuFth4Y5nDOvXfmniDhTIFtfxulldW19Y3yZmVre2d3z9w/aKs4lYS2SMxj2Q2wopwJ2gIGnHYTSXEUcNoJxtdTv/NApWKxuIdJQr0IDwULGcGgJd+sulnmjhTHapT7GeR95uqbXTp5/9Y3a3bdnsFaJk5BaqhA0ze/3EFM0ogKIHqi6jl2Al6GJTDCaV5xU0UTTMZ4SHuaChxR5WWzJXLrWCsDK4ylPgKsmfq7I8ORUpMo0JURhpFa9Kbif14vhfDCy5hIUqCCzB8KU25BbE0TsQZMUgJ8ogkmkum/WmSEJSagc6voEJzFlZdJ+7TuaH53VmtcFXGUURUdoRPkoHPUQDeoiVqIoEf0jF7Rm/FkvBjvxse8tGQUPYfoD4zPH5PimKk=</latexit><latexit sha1_base64="pT4T/u6liwc8rEBjx9ax9w+qK3w=">AAACBHicbVDLSsNAFJ3UV62vqMtugkVwVRIRdCMU3QhuKtgHNGmYTCft0MkkzNwIJWThxl9x40IRt36EO//GaZuFth4Y5nDOvXfmniDhTIFtfxulldW19Y3yZmVre2d3z9w/aKs4lYS2SMxj2Q2wopwJ2gIGnHYTSXEUcNoJxtdTv/NApWKxuIdJQr0IDwULGcGgJd+sulnmjhTHapT7GeR95uqbXTp5/9Y3a3bdnsFaJk5BaqhA0ze/3EFM0ogKIHqi6jl2Al6GJTDCaV5xU0UTTMZ4SHuaChxR5WWzJXLrWCsDK4ylPgKsmfq7I8ORUpMo0JURhpFa9Kbif14vhfDCy5hIUqCCzB8KU25BbE0TsQZMUgJ8ogkmkum/WmSEJSagc6voEJzFlZdJ+7TuaH53VmtcFXGUURUdoRPkoHPUQDeoiVqIoEf0jF7Rm/FkvBjvxse8tGQUPYfoD4zPH5PimKk=</latexit><latexit sha1_base64="pT4T/u6liwc8rEBjx9ax9w+qK3w=">AAACBHicbVDLSsNAFJ3UV62vqMtugkVwVRIRdCMU3QhuKtgHNGmYTCft0MkkzNwIJWThxl9x40IRt36EO//GaZuFth4Y5nDOvXfmniDhTIFtfxulldW19Y3yZmVre2d3z9w/aKs4lYS2SMxj2Q2wopwJ2gIGnHYTSXEUcNoJxtdTv/NApWKxuIdJQr0IDwULGcGgJd+sulnmjhTHapT7GeR95uqbXTp5/9Y3a3bdnsFaJk5BaqhA0ze/3EFM0ogKIHqi6jl2Al6GJTDCaV5xU0UTTMZ4SHuaChxR5WWzJXLrWCsDK4ylPgKsmfq7I8ORUpMo0JURhpFa9Kbif14vhfDCy5hIUqCCzB8KU25BbE0TsQZMUgJ8ogkmkum/WmSEJSagc6voEJzFlZdJ+7TuaH53VmtcFXGUURUdoRPkoHPUQDeoiVqIoEf0jF7Rm/FkvBjvxse8tGQUPYfoD4zPH5PimKk=</latexit><latexit sha1_base64="pT4T/u6liwc8rEBjx9ax9w+qK3w=">AAACBHicbVDLSsNAFJ3UV62vqMtugkVwVRIRdCMU3QhuKtgHNGmYTCft0MkkzNwIJWThxl9x40IRt36EO//GaZuFth4Y5nDOvXfmniDhTIFtfxulldW19Y3yZmVre2d3z9w/aKs4lYS2SMxj2Q2wopwJ2gIGnHYTSXEUcNoJxtdTv/NApWKxuIdJQr0IDwULGcGgJd+sulnmjhTHapT7GeR95uqbXTp5/9Y3a3bdnsFaJk5BaqhA0ze/3EFM0ogKIHqi6jl2Al6GJTDCaV5xU0UTTMZ4SHuaChxR5WWzJXLrWCsDK4ylPgKsmfq7I8ORUpMo0JURhpFa9Kbif14vhfDCy5hIUqCCzB8KU25BbE0TsQZMUgJ8ogkmkum/WmSEJSagc6voEJzFlZdJ+7TuaH53VmtcFXGUURUdoRPkoHPUQDeoiVqIoEf0jF7Rm/FkvBjvxse8tGQUPYfoD4zPH5PimKk=</latexit>
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i=1<latexit sha1_base64="XuHAbzxCSq1H1cJRmysqQeAdA2g=">AAAB/nicbZC7SgNBFIbPxluMt1WxslkMQhrDro02QtBGsIlgLpBdl9nJbDJk9sLMrBKGhbyKjYUitj6HnbUv4uRSaOIPAx//OYdz5g9SRoW07S+jsLS8srpWXC9tbG5t75i7e02RZByTBk5YwtsBEoTRmDQklYy0U05QFDDSCgZX43rrgXBBk/hODlPiRagX05BiJLXlmweuevSVPHHye+rmvqIXmm58s2xX7YmsRXBmUK5VKt8jAKj75qfbTXAWkVhihoToOHYqPYW4pJiRvORmgqQID1CPdDTGKCLCU5Pzc+tYO10rTLh+sbQm7u8JhSIhhlGgOyMk+2K+Njb/q3UyGZ57isZpJkmMp4vCjFkyscZZWF3KCZZsqAFhTvWtFu4jjrDUiZV0CM78lxeheVp1NN/qNC5hqiIcwhFUwIEzqME11KEBGBQ8wQu8GiPj2Xgz3qetBWM2sw9/ZHz8AIPHl1o=</latexit><latexit sha1_base64="FirfyyfGE/FXhByNOYyvHmvNkNg=">AAAB/nicbZDLSgMxFIYz9VbrbVRcuQkWoRvLjBvdCEU3gpsK9gKdccikmTY0kxmSjFJCxbVvIYILRdz6HO5c+yKml4W2/hD4+M85nJM/TBmVynG+rNzc/MLiUn65sLK6tr5hb27VZZIJTGo4YYlohkgSRjmpKaoYaaaCoDhkpBH2zob1xg0Rkib8SvVT4seow2lEMVLGCuwdT98GWh24g2vqDQJNTwxdBHbRKTsjwVlwJ1CslErfD3fyqRrYn147wVlMuMIMSdlynVT5GglFMSODgpdJkiLcQx3SMshRTKSvR+cP4L5x2jBKhHlcwZH7e0KjWMp+HJrOGKmunK4Nzf9qrUxFx76mPM0U4Xi8KMoYVAkcZgHbVBCsWN8AwoKaWyHuIoGwMokVTAju9JdnoX5Ydg1fmjROwVh5sAv2QAm44AhUwDmoghrAQINH8AJerXvr2Xqz3setOWsysw3+yPr4AazomPg=</latexit><latexit sha1_base64="FirfyyfGE/FXhByNOYyvHmvNkNg=">AAAB/nicbZDLSgMxFIYz9VbrbVRcuQkWoRvLjBvdCEU3gpsK9gKdccikmTY0kxmSjFJCxbVvIYILRdz6HO5c+yKml4W2/hD4+M85nJM/TBmVynG+rNzc/MLiUn65sLK6tr5hb27VZZIJTGo4YYlohkgSRjmpKaoYaaaCoDhkpBH2zob1xg0Rkib8SvVT4seow2lEMVLGCuwdT98GWh24g2vqDQJNTwxdBHbRKTsjwVlwJ1CslErfD3fyqRrYn147wVlMuMIMSdlynVT5GglFMSODgpdJkiLcQx3SMshRTKSvR+cP4L5x2jBKhHlcwZH7e0KjWMp+HJrOGKmunK4Nzf9qrUxFx76mPM0U4Xi8KMoYVAkcZgHbVBCsWN8AwoKaWyHuIoGwMokVTAju9JdnoX5Ydg1fmjROwVh5sAv2QAm44AhUwDmoghrAQINH8AJerXvr2Xqz3setOWsysw3+yPr4AazomPg=</latexit><latexit sha1_base64="DFt3WHLcZAm/g/WR+oyLOIul5yU=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN8EiuLEkbnQjFN0IbirYCzQxTKaTduhkEmYmShkCvoobF4q49Tnc+TZOLwtt/WHg4z/ncM78UcaoVK77bS0sLi2vrJbWyusbm1vb9s5uU6a5wKSBU5aKdoQkYZSThqKKkXYmCEoiRlrR4GpUbz0QIWnK79QwI0GCepzGFCNlrNDe9/VjqNWJV9xTvwg1vTB0E9oVt+qO5cyDN4UKTFUP7S+/m+I8IVxhhqTseG6mAo2EopiRouznkmQID1CPdAxylBAZ6PH5hXNknK4Tp8I8rpyx+3tCo0TKYRKZzgSpvpytjcz/ap1cxeeBpjzLFeF4sijOmaNSZ5SF06WCYMWGBhAW1Nzq4D4SCCuTWNmE4M1+eR6ap1XP8K1bqV1O4yjBARzCMXhwBjW4hjo0AIOGZ3iFN+vJerHerY9J64I1ndmDP7I+fwDiZ5Vn</latexit>

Xt
<latexit sha1_base64="F9535ZSOPgC902BZbhAFXCaaj08=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdOH/tu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AEB+jcM=</latexit><latexit sha1_base64="F9535ZSOPgC902BZbhAFXCaaj08=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdOH/tu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AEB+jcM=</latexit><latexit sha1_base64="F9535ZSOPgC902BZbhAFXCaaj08=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdOH/tu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AEB+jcM=</latexit><latexit sha1_base64="F9535ZSOPgC902BZbhAFXCaaj08=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdOH/tu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AEB+jcM=</latexit>
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<latexit sha1_base64="4aE/3WHUUcZjpVcV2STaX0geceE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPaPY0i4bZfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUXdkjCfnzsl504ZkFgbVwrJXP09kdPE2kkSuc6E4sguezPxP6+bYXwT5kKlGXLFFoviTBLUZPY7GQjDGcqJI5QZ4W4lbEQNZegSKrsQguWXV0nrshY4/nBVrd8WcZTgFM7gAgK4hjrcQwOawGAMz/AKb17qvXjv3seidc0rZk7gD7zPH4Xtj60=</latexit><latexit sha1_base64="4aE/3WHUUcZjpVcV2STaX0geceE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPaPY0i4bZfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUXdkjCfnzsl504ZkFgbVwrJXP09kdPE2kkSuc6E4sguezPxP6+bYXwT5kKlGXLFFoviTBLUZPY7GQjDGcqJI5QZ4W4lbEQNZegSKrsQguWXV0nrshY4/nBVrd8WcZTgFM7gAgK4hjrcQwOawGAMz/AKb17qvXjv3seidc0rZk7gD7zPH4Xtj60=</latexit><latexit sha1_base64="4aE/3WHUUcZjpVcV2STaX0geceE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPaPY0i4bZfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUXdkjCfnzsl504ZkFgbVwrJXP09kdPE2kkSuc6E4sguezPxP6+bYXwT5kKlGXLFFoviTBLUZPY7GQjDGcqJI5QZ4W4lbEQNZegSKrsQguWXV0nrshY4/nBVrd8WcZTgFM7gAgK4hjrcQwOawGAMz/AKb17qvXjv3seidc0rZk7gD7zPH4Xtj60=</latexit><latexit sha1_base64="4aE/3WHUUcZjpVcV2STaX0geceE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPaPY0i4bZfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUXdkjCfnzsl504ZkFgbVwrJXP09kdPE2kkSuc6E4sguezPxP6+bYXwT5kKlGXLFFoviTBLUZPY7GQjDGcqJI5QZ4W4lbEQNZegSKrsQguWXV0nrshY4/nBVrd8WcZTgFM7gAgK4hjrcQwOawGAMz/AKb17qvXjv3seidc0rZk7gD7zPH4Xtj60=</latexit>

�
<latexit sha1_base64="Znf0ZAmjXg/lZ1Byapj159lJlUo=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02wbm02WZFYopf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0up3VW0/cWKHVA45THiZ0oEQsGEVnNbs6lZntlSt+1Z+LrEKQQwVy1Xvlr25fsyzhCpmk1nYCP8VwQg0KJvm01M0sTykb0QHvOFQ04TaczLedkjPn9EmsjXsKydz9PTGhibXjJHKdCcWhXa7NzP9qnQzj63AiVJohV2zxUZxJgprMTid9YThDOXZAmRFuV8KG1FCGLqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aACDR3iGV3jztPfivXsfi9aCl88cwx95nz/QAI9F</latexit><latexit sha1_base64="Znf0ZAmjXg/lZ1Byapj159lJlUo=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02wbm02WZFYopf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0up3VW0/cWKHVA45THiZ0oEQsGEVnNbs6lZntlSt+1Z+LrEKQQwVy1Xvlr25fsyzhCpmk1nYCP8VwQg0KJvm01M0sTykb0QHvOFQ04TaczLedkjPn9EmsjXsKydz9PTGhibXjJHKdCcWhXa7NzP9qnQzj63AiVJohV2zxUZxJgprMTid9YThDOXZAmRFuV8KG1FCGLqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aACDR3iGV3jztPfivXsfi9aCl88cwx95nz/QAI9F</latexit><latexit sha1_base64="Znf0ZAmjXg/lZ1Byapj159lJlUo=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02wbm02WZFYopf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0up3VW0/cWKHVA45THiZ0oEQsGEVnNbs6lZntlSt+1Z+LrEKQQwVy1Xvlr25fsyzhCpmk1nYCP8VwQg0KJvm01M0sTykb0QHvOFQ04TaczLedkjPn9EmsjXsKydz9PTGhibXjJHKdCcWhXa7NzP9qnQzj63AiVJohV2zxUZxJgprMTid9YThDOXZAmRFuV8KG1FCGLqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aACDR3iGV3jztPfivXsfi9aCl88cwx95nz/QAI9F</latexit><latexit sha1_base64="Znf0ZAmjXg/lZ1Byapj159lJlUo=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02wbm02WZFYopf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMG6VSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlZnhvEG01KbdkQtl0LxBgqUvJ0aTpNI8lY0up3VW0/cWKHVA45THiZ0oEQsGEVnNbs6lZntlSt+1Z+LrEKQQwVy1Xvlr25fsyzhCpmk1nYCP8VwQg0KJvm01M0sTykb0QHvOFQ04TaczLedkjPn9EmsjXsKydz9PTGhibXjJHKdCcWhXa7NzP9qnQzj63AiVJohV2zxUZxJgprMTid9YThDOXZAmRFuV8KG1FCGLqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aACDR3iGV3jztPfivXsfi9aCl88cwx95nz/QAI9F</latexit>

⌦
<latexit sha1_base64="4aE/3WHUUcZjpVcV2STaX0geceE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPaPY0i4bZfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUXdkjCfnzsl504ZkFgbVwrJXP09kdPE2kkSuc6E4sguezPxP6+bYXwT5kKlGXLFFoviTBLUZPY7GQjDGcqJI5QZ4W4lbEQNZegSKrsQguWXV0nrshY4/nBVrd8WcZTgFM7gAgK4hjrcQwOawGAMz/AKb17qvXjv3seidc0rZk7gD7zPH4Xtj60=</latexit><latexit sha1_base64="4aE/3WHUUcZjpVcV2STaX0geceE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPaPY0i4bZfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUXdkjCfnzsl504ZkFgbVwrJXP09kdPE2kkSuc6E4sguezPxP6+bYXwT5kKlGXLFFoviTBLUZPY7GQjDGcqJI5QZ4W4lbEQNZegSKrsQguWXV0nrshY4/nBVrd8WcZTgFM7gAgK4hjrcQwOawGAMz/AKb17qvXjv3seidc0rZk7gD7zPH4Xtj60=</latexit><latexit sha1_base64="4aE/3WHUUcZjpVcV2STaX0geceE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPaPY0i4bZfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUXdkjCfnzsl504ZkFgbVwrJXP09kdPE2kkSuc6E4sguezPxP6+bYXwT5kKlGXLFFoviTBLUZPY7GQjDGcqJI5QZ4W4lbEQNZegSKrsQguWXV0nrshY4/nBVrd8WcZTgFM7gAgK4hjrcQwOawGAMz/AKb17qvXjv3seidc0rZk7gD7zPH4Xtj60=</latexit><latexit sha1_base64="4aE/3WHUUcZjpVcV2STaX0geceE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPaPY0i4bZfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUXdkjCfnzsl504ZkFgbVwrJXP09kdPE2kkSuc6E4sguezPxP6+bYXwT5kKlGXLFFoviTBLUZPY7GQjDGcqJI5QZ4W4lbEQNZegSKrsQguWXV0nrshY4/nBVrd8WcZTgFM7gAgK4hjrcQwOawGAMz/AKb17qvXjv3seidc0rZk7gD7zPH4Xtj60=</latexit>

�
r

<latexit sha1_base64="bGRaWgSPycV+qtBF0H0VhMzGH3k=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraYalCtu1V2IrIOXQwVyNQblr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX02GXCEzYmqBMsXtroSNqaLM2GxKNgRv9eR1aF9VPcvN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Y+czx/dI4z2</latexit><latexit sha1_base64="bGRaWgSPycV+qtBF0H0VhMzGH3k=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraYalCtu1V2IrIOXQwVyNQblr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX02GXCEzYmqBMsXtroSNqaLM2GxKNgRv9eR1aF9VPcvN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Y+czx/dI4z2</latexit><latexit sha1_base64="bGRaWgSPycV+qtBF0H0VhMzGH3k=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraYalCtu1V2IrIOXQwVyNQblr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX02GXCEzYmqBMsXtroSNqaLM2GxKNgRv9eR1aF9VPcvN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Y+czx/dI4z2</latexit><latexit sha1_base64="bGRaWgSPycV+qtBF0H0VhMzGH3k=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraYalCtu1V2IrIOXQwVyNQblr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoaofazxaIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX02GXCEzYmqBMsXtroSNqaLM2GxKNgRv9eR1aF9VPcvN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Y+czx/dI4z2</latexit>

�
z

<latexit sha1_base64="ZxpkeWP7OiuYrtNqeUSJ8s3zMA0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1QQ3+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A6UOM/g==</latexit><latexit sha1_base64="ZxpkeWP7OiuYrtNqeUSJ8s3zMA0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1QQ3+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A6UOM/g==</latexit><latexit sha1_base64="ZxpkeWP7OiuYrtNqeUSJ8s3zMA0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1QQ3+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A6UOM/g==</latexit><latexit sha1_base64="ZxpkeWP7OiuYrtNqeUSJ8s3zMA0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1QQ3+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A6UOM/g==</latexit>

⌦
<latexit sha1_base64="4aE/3WHUUcZjpVcV2STaX0geceE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPaPY0i4bZfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUXdkjCfnzsl504ZkFgbVwrJXP09kdPE2kkSuc6E4sguezPxP6+bYXwT5kKlGXLFFoviTBLUZPY7GQjDGcqJI5QZ4W4lbEQNZegSKrsQguWXV0nrshY4/nBVrd8WcZTgFM7gAgK4hjrcQwOawGAMz/AKb17qvXjv3seidc0rZk7gD7zPH4Xtj60=</latexit><latexit sha1_base64="4aE/3WHUUcZjpVcV2STaX0geceE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPaPY0i4bZfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUXdkjCfnzsl504ZkFgbVwrJXP09kdPE2kkSuc6E4sguezPxP6+bYXwT5kKlGXLFFoviTBLUZPY7GQjDGcqJI5QZ4W4lbEQNZegSKrsQguWXV0nrshY4/nBVrd8WcZTgFM7gAgK4hjrcQwOawGAMz/AKb17qvXjv3seidc0rZk7gD7zPH4Xtj60=</latexit><latexit sha1_base64="4aE/3WHUUcZjpVcV2STaX0geceE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPaPY0i4bZfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUXdkjCfnzsl504ZkFgbVwrJXP09kdPE2kkSuc6E4sguezPxP6+bYXwT5kKlGXLFFoviTBLUZPY7GQjDGcqJI5QZ4W4lbEQNZegSKrsQguWXV0nrshY4/nBVrd8WcZTgFM7gAgK4hjrcQwOawGAMz/AKb17qvXjv3seidc0rZk7gD7zPH4Xtj60=</latexit><latexit sha1_base64="4aE/3WHUUcZjpVcV2STaX0geceE=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPaPY0i4bZfqfo1fw6ySoKCVKFAo1/56g00yxKukElqbTfwUwxzalAwyaflXmZ5StmYDnnXUUXdkjCfnzsl504ZkFgbVwrJXP09kdPE2kkSuc6E4sguezPxP6+bYXwT5kKlGXLFFoviTBLUZPY7GQjDGcqJI5QZ4W4lbEQNZegSKrsQguWXV0nrshY4/nBVrd8WcZTgFM7gAgK4hjrcQwOawGAMz/AKb17qvXjv3seidc0rZk7gD7zPH4Xtj60=</latexit>

{wi
t}K

i=1<latexit sha1_base64="0Ge35Gi9cOPqYptWoP9cT4Ve57o=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN6FFEISSuNGNUHQjuKlgL9CkYTKdtkMnkzAzUUKIr6ILF4q49UHc+TZOLwtt/WHg4z/ncM78QcyoVLb9bRRWVtfWN4qbpa3tnd09c/+gJaNEYNLEEYtEJ0CSMMpJU1HFSCcWBIUBI+1gfDWpt++JkDTidyqNiReiIacDipHSlm+W3ezBz1Teo27uZ/TCyXs3vlm1a/ZU1jI4c6jWK+7JMwA0fPPL7Uc4CQlXmCEpu44dKy9DQlHMSF5yE0lihMdoSLoaOQqJ9LLp8bl1pJ2+NYiEflxZU/f3RIZCKdMw0J0hUiO5WJuY/9W6iRqcexnlcaIIx7NFg4RZKrImSVh9KghWLNWAsKD6VguPkEBY6bxKOgRn8cvL0DqtOZpvdRqXMFMRDqECx+DAGdThGhrQBAwpPMErvBmPxovxbnzMWgvGfKYMf2R8/gAR85Z+</latexit><latexit sha1_base64="EaFeRNDLidO4A8CbJE4wtXRVNeM=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0E1oEQSiJG90IRTeCmwr2Ak0aJtNpO3QyCTMnSgjxKdy7caGIWx/EXd/G6WWhrT8MfPznHM6ZP4g5U2DbY2NldW19Y7OwVdze2d3bNw8OmypKJKENEvFItgOsKGeCNoABp+1YUhwGnLaC0fWk3nqgUrFI3EMaUy/EA8H6jGDQlm+W3OzRzyDvMjf3M3bp5N1b36zYVXsqaxmcOVRqZff0eVxL67757fYikoRUAOFYqY5jx+BlWAIjnOZFN1E0xmSEB7SjUeCQKi+bHp9bx9rpWf1I6ifAmrq/JzIcKpWGge4MMQzVYm1i/lfrJNC/8DIm4gSoILNF/YRbEFmTJKwek5QATzVgIpm+1SJDLDEBnVdRh+AsfnkZmmdVR/OdTuMKzVRAR6iMTpCDzlEN3aA6aiCCUvSC3tC78WS8Gh/G56x1xZjPlNAfGV8/G12YBA==</latexit><latexit sha1_base64="EaFeRNDLidO4A8CbJE4wtXRVNeM=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0E1oEQSiJG90IRTeCmwr2Ak0aJtNpO3QyCTMnSgjxKdy7caGIWx/EXd/G6WWhrT8MfPznHM6ZP4g5U2DbY2NldW19Y7OwVdze2d3bNw8OmypKJKENEvFItgOsKGeCNoABp+1YUhwGnLaC0fWk3nqgUrFI3EMaUy/EA8H6jGDQlm+W3OzRzyDvMjf3M3bp5N1b36zYVXsqaxmcOVRqZff0eVxL67757fYikoRUAOFYqY5jx+BlWAIjnOZFN1E0xmSEB7SjUeCQKi+bHp9bx9rpWf1I6ifAmrq/JzIcKpWGge4MMQzVYm1i/lfrJNC/8DIm4gSoILNF/YRbEFmTJKwek5QATzVgIpm+1SJDLDEBnVdRh+AsfnkZmmdVR/OdTuMKzVRAR6iMTpCDzlEN3aA6aiCCUvSC3tC78WS8Gh/G56x1xZjPlNAfGV8/G12YBA==</latexit><latexit sha1_base64="TpyQN5LPkissnYezFCT7ntCOcLI=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0EyyCq5K40Y1QdCO4qWAv0KRhMp20QyeTMHOihBBfxY0LRdz6IO58G6dtFtr6w8DHf87hnPmDhDMFtv1trKyurW9sVraq2zu7e/vmwWFHxakktE1iHstegBXlTNA2MOC0l0iKo4DTbjC5nta7D1QqFot7yBLqRXgkWMgIBm35Zs3NH/0cigFzCz9nl04xuPXNut2wZ7KWwSmhjkq1fPPLHcYkjagAwrFSfcdOwMuxBEY4LapuqmiCyQSPaF+jwBFVXj47vrBOtDO0wljqJ8Caub8nchwplUWB7owwjNVibWr+V+unEF54ORNJClSQ+aIw5RbE1jQJa8gkJcAzDZhIpm+1yBhLTEDnVdUhOItfXobOWcPRfGfXm1dlHBV0hI7RKXLQOWqiG9RCbURQhp7RK3oznowX4934mLeuGOVMDf2R8fkD/2WU9Q==</latexit>

{wri
t }K

i=1

1-

⌦
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Figure 3: PF-LSTM and PF-GRU network architecture. Notation (1) green box: activation (2) pink box: learned function
(3) RPT: reparameterization trick (4) BN: batch normalization.

Another possible learning objective applies stronger
model assumptions. To maximize the likelihood, we opti-
mize a sampled version of an ELBO of p(yt|x1:t, θ),

LELBO(θ) = −
∑
t∈O

log
1

K

K∑
i=1

p(yt|τ i1:t, x1:t, θ). (5)

where τ i1:t is a history chain for particle i, consisting of its
ancestor indices during particle resampling and the random
numbers used in stochastic memory updates2. The derivation
of the ELBO is provided in Appendix .

The p(yt|τ i1:t, x1:t, θ) terms in LELBO(θ) are computed
using appropriate probabilistic models. We apply fout

to each particle at each time step, generating outputs
ŷit = fout(h

i
t). Then, for classification p(yt|τ i1:t, x1:t, θ) =

CrossEntropy(yt, ŷ
i
t), which follows from the multinomial

model; and for regression p(yt|τ i1:t, x1:t, θ) = exp(−||yt −
ŷit||), which follows from a unit variance Gaussian model.

Intuitively, Lpred encourages PF-RNN to make good pre-
dictions using the mean particle, while LELBO encourages
the model to learn a more meaningful belief distribution.
They make different structure assumptions that result in dif-
ferent gradient flows. Empirically, we find that combining
the two learning objectives works well: L(θ) = Lpred(θ) +
βLELBO(θ), where β is a weight parameter. We use β = 1.0
in the experiments.

PF-LSTMs and PF-GRUs
We now apply the PF-RNN to the two most popular RNN
architectures, LSTM and GRU.

For standard LSTM, the memory state ht consists of cell
state ct and hidden state }t. The memory update is a deter-
ministic mapping controlled by input gate it, forget gate ft,
and output gate ot:

ct = ft ◦ ct−1 + it ◦ tanh(c̃t) (6)
c̃t = Wc[}t−1, xt] + bc (7)
}t = ot ◦ tanh(ct) (8)

where xt is the current input and ◦ is the element-wise
product. For PF-LSTM, the memory state consists of a set
of weighted particles {(}jt , cjt , wjt )}Kj=1. To help PF-LSTM
track the latent particle belief effectively over a long history

2We have negated the ELBO to make it consistent with loss
minimization.

of data, we make two changes to the memory update equa-
tions. One is to add stochasticity:

c̃jt = Wc[}jt−1, xt] + bc + ξjt (9)

ξjt ∼ N (0,Σjt ) (10)

Σjt = WΣ[}jt−1, xt] + bΣ (11)

for j = 1, 2, . . . ,K. The motivation for stochastic memory
updates is discussed in Sect. . The other change, inspired by
LiGRU (Ravanelli et al. 2018), is to replace the hyperbolic
tangent activation of LSTM by ReLU activation and batch
normalization (Ioffe and Szegedy 2015):

cjt = f jt ◦ cjt−1 + ijt ◦ ReLU(BN(c̃jt )), (12)

for j = 1, 2, . . . ,K. Recurrent networks are usually trained
with truncated Back-Propagation-Through-Time (BPTT).
Truncation affects the training of PF-RNNs, more than that
of RNNs, as PF-RNNs maintain the latent belief explic-
itly and may need a long sequence of inputs in order to
approximate the belief well. As shown in (Ravanelli et al.
2018), ReLU activation, combined with batch normaliza-
tion, has better numerical properties for backpropagation
through many time steps, and thus it allows us to use longer
sequence length with truncated BPTT. The update equation
for }jt remains the same as that for LSTM. After updating
the particles and their weights, we perform soft resampling
to get a new set of particles (Section ). The PF-LSTM archi-
tecture is shown in Fig. 3 (left side).

The PF-GRU model can be constructed similarly (right
side of Fig. 3). The details are available in Appendix . The
same idea can be easily applied to other gated recurrent neu-
ral networks as well.

We implement PF-LSTM and PF-GRU in a parallel man-
ner for all operations. In this case, all particles are updated
in parallel benefiting from GPU acceleration.

Experiments
We evaluate PF-RNNs, specifically, PF-LSTM and PF-
GRU, on a synthetic 2D robot localization task and 10 se-
quence prediction datasets from various domains. We com-
pare PF-RNNs with the corresponding RNNs. First, we use a
fixed latent state size for all models. The sizes are chosen so
that the PF-RNN and the RNN have roughly the same num-
ber of trainable parameters. Next, we search over the latent



state size for all models independently and compare the best
results achieved. We also perform an ablation study to un-
derstand the effect of individual components of PF-RNNs.
Implementation details are in Appendix ??.

Robot Localization

10 x 10 18 x 18 27 x 27

Figure 4: Localization in a symmetric maze. Each maze is
an N ×N grid, with black and gray obstacles. Black obsta-
cles serve also as landmarks.

We first evaluate PF-RNNs in a simple synthetic domain
designed to demonstrate the strengths of our approach. The
task is to localize a robot on a 2D map (Fig. 4), given dis-
tance measurements to a set of landmarks. In each environ-
ment, half of the obstructions have landmarks placed on their
corners. The maps are designed to be highly symmetric, thus
maintaining a belief is essential for localization. We evalu-
ate the models’ sensitivity to the amount of uncertainty in
the task by increasing the maze size.

The robot starts at a random location. In each step, it
moves forward a distance d = 0.2+εd, εd ∼ U [−0.02, 0.02]
where U is the uniform distribution, or chooses a new head-
ing direction when about to hit a wall. The input xt consists
of the last action ut−1 and current observation ot, which are
noisy distance measurements to the 5 closest landmarks. The
observation noise is U [−0.1, 0.1] for all mazes. The model
takes xt as input and has no prior information on which com-
ponents represent ut and ot. This information must be ex-
tracted from xt through learning. The task is to predict the
robot pose at each time t, 2D coordinates and heading, given
the history of inputs {xi}ti=1.

We train models on a set of 10, 000 trajectories. We evalu-
ate and test on another 1, 000 and 2, 000 trajectories, respec-
tively. The network architecture is the same for all models.
Map features are extracted from the map using convolutional
layers, two for the smaller maps and 5 for the largest map.
Control and observation features are extracted from the in-
puts by two fully connected layers. The features are concate-
nated and input to the recurrent cell, PF-LSTM/PF-GRU or
LSTM/GRU. The output of the recurrent cell is mapped to
the pose prediction by a fully connected layer. The training
loss is the Mean Square Error (MSE) between the predicted
and ground truth pose, summed along the trajectories. The
last step MSE is used as the evaluation metric.

We make two sets of comparisons. First, we fix the la-
tent state size and number of particles, such that PF-RNNs
and the corresponding RNNs have a similar number of pa-
rameters. Specifically, we use a latent state size of 64 and
30 particles for PF-LSTM and PF-GRU, and a latent state
size of 80 for LSTM and 86 for GRU. Second, we perform
a search over these hyper-parameters independently for all

models and datasets, including learning rate, dropout rate,
batch size, and gradient clipping value, and report the best-
achieved result.

We compare PF-LSTM and PF-GRU with LSTM and
GRU (Fig. 5). Results show that PF-RNNs consistently out-
perform the corresponding RNNs. The performance benefits
become more pronounced, as the size of the maze grows, re-
sulting in increased difficulty of belief tracking.

Fig. 6 visualizes the particle belief progression in a trained
PF-LSTM. Additional examples are in Appendix . PF-
LSTM works similarly to a standard particle filtering al-
gorithm and demonstrates a reasonable belief distribution.
The particle predictions of the robot pose are initially spread
out (t = 0). As inputs accumulate, they begin to converge
on some features, e.g., horizontal position (t = 22); and
eventually they converge to the true pose (t = 26). The de-
picted example also demonstrates an interesting property of
PF-LSTM. Initially, particle predictions converge towards a
wrong, distant pose (t = 6), because of the ambiguous ob-
servations in the symmetric environment. However, particle
predictions spread out again (t = 22), and converge to the
true pose (t = 26). This would be unusual for a standard
particle filtering algorithm under the true robot dynamics:
once particles converge to a wrong pose, it would be diffi-
cult to recover (Thrun et al. 2001). PF-LSTM succeeds here,
because its latent representation and dynamics are learned
from data. Each particle in a PF-LSTM independently ag-
gregates information from the input history, and its dynam-
ics is not constrained explicitly by the robot dynamics.

General Sequence Prediction Tasks
Comparison with RNNs. We evaluate PF-RNNs on various
real-world sequence prediction datasets across multiple do-
mains for both regression and classification tasks. Regres-
sion tasks include stock index prediction (NASDAQ (Qin
et al. 2017)), appliances energy prediction (AEP (Can-
danedo, Feldheim, and Deramaix 2017)), air quality pre-
diction (AIR (De Vito et al. 2008) and PM (Liang et
al. 2015)). Classification tasks include activity recognition
(UID (Casale, Pujol, and Radeva 2012), LPA (Kaluža et al.
2010), AREM (Palumbo et al. 2016) and GAS (Huerta et al.
2016)) and text classification (R52 (Cardoso-Cachopo 2007)
and MR (Maas et al. 2011)). For regression tasks, a predic-
tion is made after each time step, while for classification
tasks prediction is made at the end of each sequence using
the belief at the last time step. We demonstrate PF-RNN is
sample efficient on relatively small datasets in terms of the
sample efficiency (e.g., 9358 instances for AIR dataset) but
also scales to large datasets for the generalization to complex
tasks (e.g., around 1 million instances for GAS dataset).

We compare PF-LSTM and PF-GRU with the correspond-
ing LSTM and GRU models. As PF-RNNs possess a simi-
lar structure with gated RNNs, we can directly use them as
drop-in replacements. We use a similar network architecture
for all models and datasets. We follow the same experiment
setup with the localization experiment and use 20 particles
for PF-LSTM and PF-GRU. The input is passed through
two fully-connected layers and input to the recurrent cell.
The output of the recurrent cell is processed by another two
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Figure 5: Performance comparison of the last-step prediction loss in robot localization. LSTM-80 and GRU-86 indicate
LSTM and GRU with latent state size of 80 and 86, respectively. PF-LSTM-P30 and PF-GRU-P30 indicate PF-LSTM and PF-
GRU with 30 particles and latent state size of 64. These parameters are chosen so that the RNN and the corresponding PF-RNN
have roughly the same number of trainable parameters. LSTM-best, GRU-best, PF-LSTM-best, and PF-GRU-best indicate the
best-performing model after a search over the latent state size and the number of particles.

t = 0 t = 6 t = 22 t = 24 t = 26

Figure 6: Visualization of PF-LSTM latent particles. Each figure shows the true robot pose (blue), predicted pose (red), and
30 predicted poses according to the latent particles (green).

Table 1: Regression Loss

NASDAQ AEP AIR PM

LSTM 37.33 6.53 18.34 26.14
PF-LSTM 4.65 4.57 13.12 21.23
LSTM-best 2.53 6.53 17.69 26.14
PF-LSTM-best 1.82 3.72 13.12 19.04

GRU 4.93 6.57 17.7 23.59
PF-GRU 1.33 5.33 19.32 20.77
GRU-best 4.93 5.61 14.78 23.59
PF-GRU-best 1.33 3.73 18.18 20.77
SOTA 0.33 - - -

Table 2: Prediction Accuracy (%)

LPA AREM GAS MR R52 UID

LSTM 91.7 99.1 76.6 73.1 81.1 93.2
PF-LSTM 100 99.1 89.9 78.3 89.1 95.3
LSTM-best 98.3 100 81.2 73.1 81.1 99.1
PF-LSTM-best 100 100 94.1 82.2 91.3 99.6

GRU 97.8 98.4 76.8 75.1 84.2 96.1
PF-GRU 98.1 99.1 83.3 76.2 87.2 94.1
GRU-best 97.8 100 80 75.2 84.2 99
PF-GRU-best 99.2 100 83.3 79.6 89.1 99.5
SOTA 91.3 94.4 80.9 83.1 93.8 -

fully connected layers to predict an output value. We per-
form grid search over standard training parameters (learn-
ing rate, batch size, gradient clipping value, regularization
weight) for each model and dataset.

Results are shown in Table 1 and Table 2. We observe that
PF-LSTM and PF-GRU are generally better than the LSTM
and GRU, both when the number of parameters is compa-
rable, as well as with the best hyper-parameters within the
model class. PF-RNNs outperform the corresponding RNNs
on 90% of the datasets across different domains, including
classification and regression tasks.

Comparison with the State-of-the-Art. Achieving state-
of-the-art (SOTA) performance is not the focus of this pa-
per. Nevertheless, we include the SOTA results for reference,
when available, in the last row of Table 1 and Table 2. We
use the same training, validation and test sets as the SOTA
methods. PF-RNNs, despite having only simple vanilla net-
work components, perform better than the SOTA on LPA,

AREM, and GAS. For NASDAQ, R52 and MR, SOTAs (Qin
et al. 2017; Zhou et al. 2016; Cardoso-Cachopo 2007) use
complex network structure designed specifically for the task,
thus they work better than PF-RNNs. Future work may in-
vestigate PF-RNNs with larger, more complex network com-
ponents, which would provide a more fair comparison with
the SOTA.

Comparison with Bayesian RNNs. As an alterna-
tive method for handling highly variable and noisy data,
Bayesian RNNs (Fortunato, Blundell, and Vinyals 2017)
maintain a distribution over learned parameters. We com-
pare PF-RNNs with Bayesian RNNs on all the datasets. In
particular, we use the same latent vector length with the
LSTMs / GRUs for Bayesian RNNs following our setting
in previous experiments. A summary of the results is given
by Fig. 7 and detailed results are in the appendix. Bayesian
RNNs can improve over RNNs, but PF-RNNs outperform
Bayesian RNNs in 16 out of 20 cases, considering both PF-
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Figure 7: Comparison with ensembles and Bayesian RNNs. Scatter plot of classification accuracy (left) and regression
loss (right) over all datasets. The x-axis is the performance of an RNN ensemble or a Bayesian RNN, the y-axis is the per-
formance of a PF-RNN. The dashed line corresponds to equal performance. Note that PF-RNN is better for points above the
dashed line for classification, and for points below the dashed line for regression. Red points compare PF-LSTM with LSTM
ensemble / Bayesian LSTM, blue points compare PF-GRU with GRU ensemble / Bayesian GRU.

Table 3: Ablation study.

PF-LSTM LSTM

P1 P5 P10 P20 P30 NoResample NoBNReLU NoELBO ELBOonly BNReLU

Regression 0.81 0.66 0.59 0.55 0.51 0.76 0.87 0.68 0.73 0.74
Classification 85.88 87.55 91.25 91.28 93.28 89.92 88.55 90.70 88.60 86.28

LSTM and PF-GRU.
Comparison with Ensembles. PF-RNN can be consid-

ered as a method for improving an RNN, by maintaining
multiple copies and using particle filter updates. Another
common technique for improving the performance of a pre-
dictor using multiple copies is ensembling. We compare the
performance of PF-RNN with bagging (Breiman 1996), an
effective and commonly used ensembling method. Bagging
trains each predictor in an ensemble by constructing a dif-
ferent training set of the same size through randomly sam-
pling the original training set. We compare PF-RNNs using
K particles, with ensembles of K RNNs. The results are
summarized in Fig. 7. Detailed results are in the appendix.

Bagging reduces the variance of the predictors, but does
not address belief tracking. Indeed, ensembles of RNNs gen-
erally improve over a single RNN, but the performance is
substantially poorer than PF-RNNs for most datasets.

Ablation Study
We conduct a thorough ablation study on all datasets for PF-
LSTMs to better understand their behavior. A summary of
the results, averaged over all datasets, is shown in Table 3.
Detailed results are in the appendix. To compute a mean-
ingful average for regression tasks, we need values with the
same order of magnitude. We rescale all regression errors
across the ablation methods into a range between 0 and 1.

We evaluate the influence of the following components:
1) number of particles (P1, P5, P10, P20, P30); 2) soft-
resampling (NoResample); 3) replacing the hyperbolic tan-
gent with ReLU activation and batch normalization (NoBN-
ReLU); 4) combining prediction loss and ELBO for training
(NoELBO and ELBOonly). We conduct the same, indepen-
dent hyper-parameter search as in previous experiments.

We observe that: 1) Using more particles makes a bet-
ter prediction in general. The general performance increases

from PF-LSTM P1 to P30. 2) Soft-resampling improves the
performance of PF-LSTM. 3) The combination of predic-
tion loss and ELBO loss leads to better performance. 4) The
ReLU activation with batch normalization helps to train PF-
LSTM. Simply using ReLU with batch normalization does
not make LSTM better than PF-LSTM.

Conclusion
PF-RNNs combine the strengths of RNNs and particle fil-
tering by learning a latent particle belief representation and
updating the belief with a particle filter. We apply the idea
specifically to LSTM and GRU and construct PF-LSTM and
PF-GRU, respectively. Our results show that PF-RNNs out-
perform the corresponding RNNs on various sequence pre-
diction tasks, including text classification, activity recogni-
tion, stock price prediction, robot localization, etc.

Various aspects of the PF-RNN approach provide oppor-
tunities for further investigation. Currently, PF-RNNs make
a prediction with the mean of the particle belief. An alter-
native is to aggregate particles, e.g., by estimating higher-
order moments, estimating the entropy, attaching an addi-
tional RNN (Igl et al. 2018).

PF-RNNs can serve as drop-in replacements for RNNs.
While this work focuses on sequence prediction and clas-
sification, the idea can be applied equally well to sequence
generation and sequence-to-sequence prediction, with appli-
cation to, e.g., image captioning and machine translation.
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Background
Bayes Filter
In Bayes filters, we consider the problem of estimating the
state st, given the history of controls u1:t and observations
o1:t. A Bayes filter aims to track the belief b(st) of st, i.e., a
posterior distribution p(st | u1:t, o1:t) with two steps: tran-
sition update with control ut and measurement update with
observation ot.

Transition update. In transition update, we apply the mo-
tion model p(st | st−1, ut) to update b(st−1) into a pre-
dicted belief b̄(st). This predicts the state st based only on
the control ut.

b̄(st) =

∫
p(st | st−1, ut)b(st−1)dst−1 (13)

Measurement update. In measurement update, we fur-
ther use the observation model p(ot | st) to to update b̄(st)
with the received observation ot.

b(st) = ηp(ot | st)b̄(st) (14)

where η is the normalization factor.
Bayes filter has many approximate implementations, e.g.,

Kalman filter with Gaussian posterior assumption and his-
togram filter with discrete approximation.

Particle Filter
Particle filter approximate the belief b(st) with an empirical
distribution, i.e., a set of K particles {sit}Ki=1 with weights
{wit}Ki=1. It approximates the Bayes filter algorithm by mov-
ing particles and updating their weights.

Transition update. Particle filter approximates function
13 by sampling sit from the motion model p(st | sit−1, ut),
for all particles {sit−1}Ki=1.

sit ∼ p(st | sit−1, ut) (15)

Measurement update. In particle filter, the measurement
update is implemented by updating the weights of particles
{wit−1}Ki=1 with observation model p(ot | st).

wit = ηp(ot | sit)wit−1 (16)

where η is the normalization factor. Normally in particle fil-
ter, the observation model p(ot | sit) is implemented as a

generative observation model, e.g., a Gaussian. The obser-
vation likelihood is computed by evaluating ot in the param-
eterized distribution p(ot | sit).

Resampling. One common issue of particle filter algo-
rithm is particle degeneracy, i.e., most of the particles have
near-zero weights. In this case, particle filter would fail to
approximate the distribution because most of the particles
are ineffective. One solution to this is to resample parti-
cles. After measurement update, we sample new particles
from the belief b(st) with probability proportionate to their
weights {wit}Ki=1, i.e., we sample from a categorical distribu-
tion p with probability for the i-th category p(i) = wit. The
particle weights are then updated to 1/K. The new parti-
cle distribution approximates the same distribution, but with
most of the particles distribute in the important region of the
belief space.

Derivation of Gradient Estimation
The PF-RNN predictor ŷt is a randomized predictor, i.e.,
the value of ŷ depends on random variables used for
stochastic memory updates and soft-resampling. A rea-
sonable objective function to minimize is E[Lpred(θ)] =∫
hp
p(hp|θ)

∑
t∈O `(yt, ŷt(hp, θ)), where hp denotes the set

of random variables used in constructing the predictor. We
have used the notation ŷt(hp, θ) to make the dependence of
ŷt on hp and the predictor parameter θ explicit; however, for
notational convenience, we have left out the dependence on
input x. After fixing hp, ŷt becomes a fixed function of θ
and the input x which we use as our predictor; hence, we are
optimizing the value of θ to generate good values of hp as
well as a good prediction once hp has been generated.

For simplicity of notation, we consider only one term in
the summation. The gradient is:

∇θ
∫
hp

p(hp|θ)`(yt, ŷt(hp, θ))

=

∫
hp

∇θ(p(hp|θ)`(yt, ŷt(hp, θ)))

=

∫
hp

(∇θp(hp|θ))`(yt, ŷt(hp, θ))

+

∫
hp

p(hp|θ)∇θ`(yt, ŷt(hp, θ))

=

∫
hp

p(hp|θ)(∇θ log p(hp|θ))`(yt, ŷt(hp, θ))

+

∫
h

p(hp|θ)∇θ`(yt, ŷt(hp, θ))

The product rule is used in the second line
of the derivation; and identity ∇θ log p(hp|θ) =
(∇θ log p(hp|θ))/p(hp|θ) is used in the last line. Sampling
hp and then computing ∇θ log p(hp|θ)`(yt, ŷt(hp, θ)) +
∇θ`(yt, ŷt(hp, θ)) would give an unbiased estimator for
the gradient of the objective function, as often required
for stochastic gradient optimizers. However, the first term
∇θ log p(hp|θ)`(yt, ŷt(hp, θ)) tends to have high vari-
ance (Le et al. 2018). As in other works, e.g. (Le et al.



2018), we use only the second term ∇θ`(yt, ŷt(hp, θ)) to
reduce the variance while introducing a small bias.

We now consider the variables in hp. In the PF-RNN we
obtain the value of the particle hit at time t by sampling in
the transition, conditioned on the parent hit−1. We then do
soft resampling which may replace the particle at position i
with another particle which has a different parent.

For the transition, we use the reparameterization trick
(Kingma and Welling 2014), which reparameterizes the
problem so that the subset of randomization variables hp
that is involved in the transition becomes independent of θ.
In our problem, we would like to learn the covariance of
ξit . It has a zero mean Gaussian distribution with diagonal
covariance, where the diagonal covariance is a learned func-
tion of hit−1 and xt. As the covariance matrix is diagonal,
we can consider each component separately. In the reparam-
eterization trick, to draw a value v from a Normal distri-
bution N (0, σ(hit−1, xt)) with mean 0 and standard devia-
tion σ(hit−1, xt), we instead draw ε fromN (0, 1) and output
v = εσ(hit−1, xt). The value ε, which forms part of hp can
be treated as part of the input to the RNN, making it inde-
pendent of θ.

For soft resampling, the position of the replacement parti-
cle (and correspondingly its parent in the chain of ancestors)
forms part of hp. This depends on the parameter θ in p(hp|θ)
hence is affected by our approximation in the gradient esti-
mate. We have not observed any problem attributable to the
approximation in our experiments.

Finally, our predictor has the form ŷt = fout(h̄t) where
h̄t =

∑K
i=1 w

i
th
i
t and fout if a learned function. The parti-

cles at time t are averaged, each particle at each time step
(except the first step) has a parent that is constructed by the
soft resampling operations, and the transitions have sampled
inputs from the reparameterization operation. Our approx-
imate gradient is computed by running the particle filter,
forming the predictor, then computing the gradient of the
loss of the predictor formed from the filter.

Derivation of ELBO
As discussed in Section , we jointly optimize the prediction
loss and an ELBO of p(yt|x1:t, θ). In standard maximum
likelihood estimation, we aim to find the parameter θ that
maximizes the log likelihood log p(yt|x1:t, θ). This is often
intractable. Instead, the evidence lower bound (ELBO) is of-
ten used, which is a variational lower bound of the log like-
lihood. We derive an ELBO using a similar technique as the
one used in (Burda, Grosse, and Salakhutdinov 2015), but
heavily modified for the sequence prediction task.

We give a formal definition to the particle chain τ it . We
define τ it in a recursive manner: τ it = τ it−1

⋃{εit, ait}, where
εit ∼ N (0, I) is the reparameterized random number used
in the stochastic transition and ait is the parent index cho-
sen during soft-resampling. Given the input x1:t, the particle
chain determinizes the stochastic processes in PF-RNNs and
produces a fixed particle hit. In this case, sampling the parti-
cle chains τ1:K

1:t conceptually gives K RNNs.
We first consider the simpler case of the particle chains

being drawn independently. Assume that p(yt|x1:t, θ) =

∫
τ1:t

p(yt, τ1:t|x1:t, θ). Then

log p(yt|x1:t, θ) = log

∫
τ1:t

p(yt, τ1:t|x1:t, θ)

= log

∫
τ1
1:t,...,τ

K
1:t

q(τ1
1:t|x1:t) . . . q(τ

K
1:t|x1:t)

1

K

K∑
i=1

p(yt, τ
i
1:t|x1:t)

q(τ i1:t|x1:t)

≥
∫
τ i
1:t,...,τ

K
1:t

q(τ1
1:t|x1:t) . . . q(τ

K
1:t|x1:t)

log
1

K

K∑
i=1

p(yt, τ
i
1:t|x1:t, θ)

q(τ i1:t|x1:t)

where we have used Jensen’s inequality and assumed
a variational distribution q(τ1

1:t|x1:t) . . . q(τ
K
1:t|x1:t) where

τ i1:t are independently drawn from the same distribution.
We would like to use a particle filter to sample the parti-

cle chains for approximating the ELBO. The operations of
our particle filter are as follows: at step t, we sample the
transitions to generate new particles, we do resampling after
the weights are updated by the observations, and we predict
the target yt. Due to the resampling operations, the particle
chains in the particle filter are not independent. However,
the particles generated at time t by the resampling operation
are conditionally independent given the history of what has
been generated before then; it is determined just by the an-
cestor indices ait which are independently sampled given the
particle chain distribution at that time by the resampling op-
eration. Let Υt denote all the history before soft-resampling.
Assuming p(yt|x1:t, θ) =

∫
Υt,at

p(yt,Υt, at|x1:t, θ), at ∼
p, where p is a multinomial distribution with p(i) = wit,

log

∫
Υt,at

p(yt, at,Υt|x1:t, θ)

= log

∫
Υt,a1t ,...,a

K
t

q(Υt|x1:t, θ)

q(a1
t |Υt, x1:t, θ) . . . q(a

K
t |Υt, x1:t, θ)·

1

K

K∑
i=1

p(yt, a
i
t,Υt|x1:t, θ)

q(Υt|x1:t, θ)q(ait|Υt, x1:t, θ)

≥
∫

Υt,a1t ,...,a
K
t

q(Υt|x1:t, θ)

q(a1
t |Υt, x1:t, θ) . . . q(a

K
t |Υt, x1:t, θ)·

log
1

K

K∑
i=1

p(yt, a
i
t,Υt|x1:t, θ)

q(Υt|x1:t, θ)q(ait|Υt, x1:t, θ)

We now use the variational distributions
q(ait|Υt, x1:t, θ) = p(ait|Υt, x1:t, θ) and q(Υt|x1:t, θ) =
p(Υt|x1:t, θ). This allows the simplification

p(yt,a
i
t,Υt|x1:t,θ)

p(ait|Υt,x1:t,θ)p(Υt|x1:t,θ)
= p(yt|ait,Υt, x1:t, θ). We

opt for simplicity in the ELBO; the use of other variational



distributions may allow the weights wit to be optimized, as
well as to incorporate information about yt in the variational
distribution, but at the expense of optimizing a more
complex objective. We rely on Lpred to optimize wit, which
is fully task-oriented.

After negation (to be consistent with minimizing loss), we
get our objective function

−
∫

Υt,ait,...,a
K
t

p(Υt|x1:t, θ)p(a
1
t |Υt, x1:t, θ) . . . p(a

K
t |Υt, x1:t, θ)

log
1

K

K∑
i=1

p(yt|ait,Υt, x1:t, θ)

We then sample Υt, a
1
t , . . . , a

K
t from

p(Υt|x1:t, θ)p(a
1
t |x1:t, θ) . . . p(a

K
t |x1:t, θ) to get

log 1
K

∑K
i=1 p(yt|ait,Υt, x1:t, θ) and differentiate to

get an estimator for the gradient.
Computing the derivative:

∇θ log
1

K

K∑
i=1

p(yt|ait,Υt, x1:t, θ)

=
1

1
K

∑K
i=1 p(yt|ait,Υt, x1:t, θ)

∇θ(
1
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=
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i=1 p(yt|ait,Υt, x1:t, θ)

∇θ log p(yt|ait,Υt, x1:t, θ).

The parameter θ also affects the sampling distribution
p(Υt|x1:t, θ) of the ELBO. To get an unbiased estimate of
the gradient, we will need to compute

(∇θp(Υt|x1:t, θ)p(a
1
t |x1:t, θ) . . . p(a

K
t |x1:t, θ))

log
1

K

K∑
i=1

p(yt|ait,Υtx1:t, θ)

+∇θ log
1

K

K∑
i=1

p(yt|ait,Υt, x1:t, θ)

after sampling Υt, a
1
t , . . . , a

K
t . As in the previous section,

we only compute ∇θ log 1
K

∑K
i=1 p(yt|ait,Υt, x1:t, θ), ob-

taining a lower variance but biased estimator of the gradient.
Finally we have p(yt|ait,Υt, x1:t, θ) = p(yt|τ i1:t, x1:t, θ)

according to our definition, since we are able to do the pre-
diction with only the knowledge of the single RNN. As men-
tioned in the Section , we compute p(yt|τ i1:t, x1:t, θ) by ap-
plying fout on each particle hit, assuming cross-entropy for
classification tasks and unit variance Gaussian model for re-
gression, gradients are carried through the chain of particle
states through time by BPTT.

PF-GRU Network Architecture
The standard GRU maintains the latent state }t, and updates
it with two gates: reset gate rt and update gate zt. The mem-

ory is updated according to the following equations:

}t = (1− zt) ◦ tanh(nt) + zt ◦ }t−1

nt = Wn[rt ◦ }t−1, xt] + bn

where Wn and bn are the corresponding weights and biases.
The state of the PF-GRU is a set of weighted particles

{}it, wit}Ki=1. Similarly to PF-LSTM, we perform a stochas-
tic cell update, where the update to the cell, nit, is sampled
from a Gaussian distribution:

nit = Wn[rit ◦ }it−1, xt] + bn + εit

εit ∼ N (0,Σit)

Σit = WΣ[}it−1, xt] + bΣ

Besides, to allow training with longer truncated BPTT,
similarly to PF-LSTM, the hyperbolic tangent function is re-
placed by ReLU with batch normalization:

}it = (1− zit) ◦ ReLU(BN(nit)) + zt ◦ }it−1 (17)

Experiment Details
Experiment platform. We implement all models in Py-
Torch and train using NVidia GTX1080Ti GPUs.
Hyper-parameter search. For all models, we perform a
grid search over standard training parameters (learning rate,
batch size, gradient clipping value, regularization weight).
Specifically, we perform a standard grid search over the
learning rate {1−4, 3−4, 5−4} with RMSProp optimizer,
batch size {32, 64, 128}, gradient clipping value {3, 5} and
L2 regularization weight of {0.001, 0.0001}. When model
hyper-parameter search is performed, for PF-LSTM/PF-
GRU it is a simple grid search over {64, 128, 256} latent
state sizes and {20, 30} particles. For LSTM/GRU we do
a more careful search, and increase the latent state size,
{80/86, 64, 128, 256, 512, 1024}, until the performance
stops improving.
General sequence prediction tasks details. For all the
general sequence prediction tasks (except for text clas-
sification), we encode the input x1:T with a encoding
network, process the encoded sequences with the RNN, and
make predictions with a prediction network. The encoding
network is a simple fully connected layer with a output
dimension of 128 for the classification tasks and 64 for
regression tasks; the prediction network is also a fully
connected layer whose output dimension is dependent on
the specific tasks. For all fully connected layers except for
those inside RNNs, we use the ReLU as activation function.
Text classification details. For the text classification tasks,
we train a word embedding size of 100 from scratch for
simplicity. Note that a more powerful pretrained word
embedding could be used to improve the performance. We
leave it for future study. The embedding is directly input
to the RNNs, and the output is predicted using a fully
connected layer with shape {hidden dim, num labels}.



Table 4: Comparison with Bagging and Bayesian RNNs

Regression Loss Prediction Accuracy (%)
maze10 maze18 maze27 NASDAQ AEP AIR PM LPA AREM GAS MR R52 UID

BayesLSTM 0.22 1.32 5.03 8.23 7.31 19.00 27.33 100 99.5 78.8 75.3 83.8 91.7
LSTM-E 0.13 0.67 4.37 5.29 7.09 14.94 20.51 94.39 97.65 76.67 75.73 84.93 95.1

PF-LSTM 0.10 0.51 2.86 4.65 4.57 13.12 21.23 100 99.1 89.9 78.3 89.1 95.3

BayesGRU 0.27 1.08 5.11 13.29 5.89 17.25 23.69 100 100 79.7 74.4 84.5 83.3
GRU-E 0.21 0.81 4.71 5.92 8.73 14.61 21.86 96.73 99.11 73.63 76.1 89.02 94.87

PF-GRU 0.11 0.49 2.82 1.33 5.33 19.32 20.77 98.1 99.1 83.3 76.2 87.2 94.1

Table 5: Ablation Studies on PF-LSTM

Regression Loss Prediction Accuracy (%)
Maze 10 Maze 18 Maze 27 AEP AIR PM NASDAQ UID R52 LPA AREM GAS MR

PF-LSTM-P1 0.41 1.1 3.84 6.24 15.41 22.12 13.21 89.7 86.4 97.1 98.1 71.3 72.7
PF-LSTM-P5 0.17 0.65 3.81 5.73 13.89 21.98 10.97 94.9 88.1 96.9 98.4 71.8 75.2

PF-LSTM-P10 0.12 0.6 3.11 4.88 14.23 21.33 9.25 94.7 88.7 97.7 98.4 89.2 78.8
PF-LSTM-P20 0.12 0.55 3.03 4.57 13.12 21.23 4.64 95.3 89.1 100 99.1 89.9 78.3
PF-LSTM-P30 0.103 0.51 2.862 3.24 14.44 20.05 4.55 98.4 88.5 100 98.1 94.1 80.6

PF-LSTM-NoResample 0.14 1.42 4.03 5.27 18.47 20.24 21.23 95 85.2 95.3 99 88.7 76.3
PF-LSTM-NoBNReLU 0.19 1.66 4.01 5.03 16.73 21.01 51.32 95.7 84.8 96.2 98.6 78.9 77.1

PF-LSTM-NoELBO 0.18 1.23 3.21 4.88 16.89 21.79 6.59 94.2 88.1 97.7 97.2 90.8 76.2
PF-LSTM-ELBOonly 0.34 1.12 3.01 4.94 17.15 21.11 9.87 91.9 87.8 97.3 97 81.4 76.2

LSTM-BNReLU 0.21 1.05 4.15 5.35 16.29 21.38 15.72 91.2 82.3 97.7 98.9 75.7 71.9

Additional Results
Comparison with RNN Ensemble Models and
Bayesian RNNs
The detailed results for the comparison with RNN ensemble
models and Baeysian RNNs are given in Table 4. LSTM-
E/GRU-E denote the ensemble models of K LSTMs/GRUs;
BayesLSTM/BayesGRU denote the Bayesian LSTM and
GRU. We compare them with PF-LSTM/PF-GRU with K
particles. For the localization experiments, i.e., Maze 10,
Maze 18 and Maze 27 rows, we useK = 30 ensemble mod-
els/particles. For the rest, we use K = 20.

Ablation Study
We present the detailed results for our ablation study over
all datasets in Table 5.

Visualization of Additional Examples for
Localization
We provide extra examples for the visualization of PF-
LSTM particles below.
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